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Abstract. It has been showed by Byde 1 5 [ that it is possible to attach a Delaunay- 
type end to a compact nondegenerate manifold of positive constant scalar cur- 
vature, provided it is locally conformally flat in a neighborhood of the attaching 
point. The resulting manifold is noncompact with the same constant scalar cur- 
vature. The main goal of this paper is to generalize this result. We will construct 
a one-parameter family of solutions to the positive singular Yamabe problem for 
any compact non-degenerate manifold with Weyl tensor vanishing to sufficiently 
high order at the singular point. If the dimension is at most 5, no condition on the 
Weyl tensor is needed. We will use perturbation techniques and gluing methods. 



1. Introduction 

In 1960 Yamabe [43J claimed that every fi-dimensional compact Riemannian 
manifold M, n > 3, has a conformal metric of constant scalar curvature. Unfortu- 
nately, in 1968, Trudinger discovered an error in the proof. In 1984 Schoen l37l , 
after the works of Yamabe l43l , Trudinger [42J and Aubin [4J, was able to complete 
the proof of The Yamabe Problem: 

Let (M", go) be an n— dimensional compact Riemannian manifold 
(without boundary) of dimension n > 3. Find a metric conformal 
to go with constant scalar curvature. 
See [ 19 1 and [41~| for excellent reviews of the problem. 

It is then natural to ask whether every noncompact Riemannian manifold of 
dimension n > 3 is conformally equivalent to a complete manifold with constant 
scalar curvature. For noncompact manifolds with a simple structure at infinity, 
this question may be studied by solving the so-called singular Yamabe problem: 
Given (M, go) an n-dimensional compact Riemannian manifold 
of dimension n > 3 and a nonempty closed set X in M, find a 
complete metric g on M\X conformal to go with constant scalar 
curvature. 

In analytical terms, since we may write g = M 4 ^"~ 2 'go/ this problem is equivalent to 
finding a positive function u satisfying 

■2 n-2 

(1.1) \ 4(n^l) *°" + 4(^Tf 

[ u{x) — > oo as x — > X 

where A g0 is the Laplace-Beltrami operator associated with the metric go, R gQ de- 
notes the scalar curvature of the metric go, and K is a constant. We remark that the 
metric g will be complete if u tends to infinity with a sufficiently fast rate. 



A ,?o M " ~T, TT K So" + 77 ^-Ku»-2=0 on M\X 



Key words and phrases, singular Yamabe problem, constant scalar curvature, Weyl tensor, gluing 
method. 
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The singular Yamabe problem has been extensively studied in recent years, 
and many existence results as well as obstructions to existence are known. This 
problem was considered initially in the negative case by Loewner and Nirenberg 
(22), when M is the sphere S" with its standard metric. In the series of papers [l]- 
[3J Aviles and McOwen have studied the case when M is arbitrary. For a solution 
to exist on a general n-dimensional compact Riemannian manifold (M,go), the 
size of X and the sign of R g must be related to one another: it is known that if a 
solution exists with R ? < 0, then dimX > (n — 2)/2, while if a solution exists with 
R g > 0, then dim X < (n — 2)/2 and in addition the first eigenvalue of the conformal 
Laplacian of go must be nonnegative. Here the dimension is to be interpreted as 
Hausdorff dimension. Unfortunately only partial converses to these statements 
are known. For example, Aviles and McOwen [2J proved that when X is a closed 
smooth submanifold of dimension k, a solution for {Q} exists wit h R x < if and 
only if k > (n - 2)/2. We direct the reader to the papers OQ-CD, EL CD, E3, 
|27l - |29l , B3-|34|, ED, ED, ED and the references contained therein. 

In the constant negative scalar curvature case, it is possible to use the maximum 
principle, and solutions are constructed using barriers regardless of the dimension 
of X. See 12-0, EL El for more details. 

Much is known about the constant positive scalar curvature case. When M is 
the round sphere S" and X is a single point, by a result of Caffarelli, Gidas, Spruck 
|9], it is known that there is no solution of jl.lh See [32J for a different proof. In 
the case where M is the sphere with its standard metric, in 1988, R. Schoen 11391 
constructed solutions with R g > on the complement of certain sets of Hausdorff 
dimension less than (n - 2)/2. In particular, he produced solutions to CD} when X 
is a finite set of points of at least two elements. Using a different method, later in 
1999, Mazzeo and Pacard proved the following existence result: 

Theorem 1.1 (Mazzeo-Pacard, 1291 ). Suppose that X = X' U X" is a disjoint union of 
submanifolds in S", where X' = {p\, ...,pk} is a collection of points, and X" = Uj =l Xj 
where dimX ; - = h. Suppose further that < ki < (n — 2)/2 for each j, and either k = Oor 
k > 1. Then there exists a complete metric g on S"\X conformal to the standard metric on 
S", which has constant positive scalar curvature n(n - 1). 

Also, it is known that if X is a finite set of at least two elements, and M = S", the 
moduli space of solutions has dimension equal to the cardinality of X (see |32|). 

The first result for arbitrary compact Riemannian manifolds in the positive case 
appeared in 1996. Mazzeo and Pacard [27 \ established the following result: 

Theorem 1.2 (Mazzeo-Pacard, |27j). Let (M,go) be any n-dimensional compact Rie- 
mannian manifold with constant nonnegative scalar curvature. Let X c Mbe any finite 
disjoint union of smooth submanifolds X, of dimensions ki with <k{ < (n — 2)/ 2. Then 
there is an infinite dimensional family of complete metrics on M\X conformal to go with 
constant positive scalar curvature. 

Their method does not apply to the case in which X contains isolated points. If 
X = [p\, an existence result was obtained by Byde in 2003 under an extra assump- 
tion. It can be stated as follows: 

Theorem 1.3 (A. Byde, 15J). Let (M,go) be any n-dimensional compact Riemannian 
manifold of constant scalar curvature n(n — 1), nondegenerate about 1, and let p e M be 
a point in a neighborhood of which go is conformally flat. There is a constant eo > and 
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a one-parameter family of complete metrics g e on M\{p} defined for e 6 (0, eq), conformal 
to go, with constant scalar curvature n(n - 1). Moreover, g e — > go uniformly on compact 
sets in M\{p] as e — » 0. 

See [3, EH, (291, (32J and (34| for more details about the positive singular 
Yamabe problem. 

This work is concerned with the positive singular Yamabe problem in the case 
X is a single point (or when X is finite, more generally). Our main result is the 
construction of solutions to the singular Yamabe problem under a condition on 
the Weyl tensor. If the dimension is at most 5, no condition on the Weyl tensor 
is needed, as we will see below. We will use the gluing method, similar to that 
employed by Byde [5], Jleli [13], Jleli and Pacard [14J, Kaabachi and Pacard [15], 
Kapouleas [16J, Mazzeo and Pacard [28J,[29J, Mazzeo, Pacard and Pollack t30ll , 
13T1 , and other authors. Our result generalizes the result of Byde, Theorem 11.31 
and it reads as follows: 



Main Theorem: Let (M n ,go) be an n— dimensional compact Riemannian manifold of 
scalar curvature n(n - 1), nondegenerate about 1, and let p e M with V k go W go (p) = 

for k = 0, . . ., where W g0 is the Weyl tensor of the metric go- Then, there exist 

a constant £0 > and a one-parameter family of complete metrics g e on M\{p) defined 
for e e (0, £0)/ conformal to go, with scalar curvature n(n - 1). Moreover, each g £ is 
asymptotically Delaunay and g E — > go uniformly on compact sets in M\[p] as e — > 0. 

For the gluing procedure to work, there are two restrictions on the data (M, go, X): 
non-degeneracy and the Weyl vanishing condition. The non-degeneracy is defined 
as follows (see 0, Ca and |33l): 

Definition 1.4. A metric g is nondegenerate at u e C 2,a (M) if the operator L" : 
C^(M) C°' £l (M) is surjective for some a e (0, 1), where 

r „, s n - 2 „ n(n + 2) 4 

L i {v) = AgV ~ 4(^1) ; V + -^"- 2 v, 

A„ is the Laplace operator of the metric g and R g is the scalar curvature of g. Here 
C A (M) are the standard Holder spaces on M, and the T> subscript indicates the 
restriction to functions vanishing on the boundary of M (if there is one). 

Although it is the surjectivity that is used in the nonlinear analysis, it is usually 
easier to check injectivity. This is a corollary of the non-degeneracy condition on M 
in conjunction with self-adjointness. For example, it is clear that the round sphere 
S" is degenerate because L go = A gQ + n annihilates the restrictions of linear functions 
onlR" +1 toS". 

As it was already expected by Chrusciel and Pollack IITOl , when 3 < n < 5 we 
do not need any hypothesis about the Weyl tensor, that is, in this case, jl.ljl has 
a solution for any nondegenerate compact manifold M and X = \p) with p e M 
arbitrary. We will show in Section [5] that the product manifolds S 2 (fci) X S 2 ^) and 
S 2 {k-i) x S 2 (ki) are nondegenerate except for countably many values of fci/fe and 
/C3//C4. Therefore our Main Theorem applies to these manifolds. We notice that they 
are not locally conf ormally flat. 

Byde proved his theorem assuming that M is conf ormally flat in a neighborhood 
of p. With this assumption, the problem gets simplified since in the neighborhood 
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of p the metric is conformal to the standard metric of R", and in this case it is 
possible to transfer the metric on M\{p) to cylindrical coordinates, where there is 
a family of well-known Delaunay-type solutions. In our case we only have that 
the Weyl tensor vanishes to sufficiently high order at p. Since the singular Yamabe 
problem is conformally invariant, we can work in conformal normal coordinates. 
In such coordinates it is more convenient to work with the Taylor expansion of the 
metric, instead of dealing with derivatives of the Weyl tensor. As indicated in |17|. 
we get some simplifications. In fact, this assumption will be fundamental to solve 
the problem locally in Section [3] We will exploit the fact that the first term in the 
expansion of the scalar curvature, in conformal normal coordinate, is orthogonal 
to the low eigenmodes. Pollack [36] has indicated that it would be possible to find 
solutions with one singular point with some Weyl vanishing condition, as opposed 
to the case of the round metric on S" . 

The motivation for [^] in the Main Theorem comes from the Weyl Vanishing 
Conjecture (see |38]). It states that if a sequence Vi of solutions to the equation 

n - 2 an 

in a compact Riemannian manifold (M, g), blows-up at p e M, then one should 
have 

V k W g {p) = for every < k < 



2 

Here W g denotes the Weyl tensor of the metric g. This conjecture has been proved 
by Marques for n < 7 in 1 23], Li and Zhang for n < 9 in [20] and for n < 11 in [21], and 
by Khuri, Marques and Schoen for n < 24 in [17]. The Weyl Vanishing Conjecture 
was in fact one of the essential pieces of the program proposed by Schoen in l38l 
to establish compactness in high dimensions (see [17|). In [24], based on the works 
of Brendle [6] and Brendle and Marques [8], Marques constructs counterexamples 
for any n > 25. 

The order f 2 ^] comes up naturally in our method, but we do not know if it is 
the optimal one (see Remark l3.5l ) 

The Delaunay metrics form the local asymptotic models for isolated singularities 
of locally conformally flat constant positive scalar curvature metrics, see J9J and 
1181 . In dimensions 3 < n < 5 this also holds in the non-conformally flat setting. 
In 1 25 1, Marques proved that if 3 < n < 5 then every solution of the equation 
ijl.l) with a nonremovable isolated singularity is asymptotic to a Delaunay-type 
solutions. This motivates us to seek solutions that are asymptotic to Delaunay. We 
use a perturbation argument together with the fixed point method to find solutions 
close to a Delaunay-type solution in a small ball centered at p with radius r. We 
also construct solutions in the complement of this ball. After that, we show that 
for small enough r the two metrics can be made to have exactly matching Cauchy 
data. Therefore (via elliptic regularity theory) they match up to all orders. See |[T4l 
for an application of the method. 

We will indicate in the end of this paper how to handle the case of more than 
one point. We prove: 

Theorem 1.5. Let (M n , go) be an n- dimensional compact Riemannian manifold of scalar 
curvature n(n - 1), nondegenerate about 1. Let {p\,...,pk\ a set of points in M with 
V J ?0 Wg (p,) = for j = 0, . . ., f 2 ^] an d i = l,...,k, where W g0 is the Weyl tensor of 
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the metric go- There exists a complete metric g on M\{pi, ■■ - ,pk} conformal to go, with 
constant scalar curvature n(n - 1), obtained by attaching Delaunay-type ends to the points 
p\,.-.,pk- 

The organization of this paper is as follows. 

In Section [2] we record some notation that will be used throughout the paper. 
We review some results concerning the Delaunay-type solutions, as well as the 
function spaces on which the linearized operator will be defined. We will recall 
some results about the Poisson operator for the Laplace operator A defined in 
B r (0)\{0} C M" and in R"\B r (0). Finally we will review some results concerning 
conformal normal coordinates and scalar curvature in these coordinates. 

In Section [3j with the assumption on the Weyl tensor and using a fixed point 
argument we construct a family of constant scalar curvature metrics in a small ball 
centered at p e M, which depends onn + 2 parameters with prescribed Dirichlet 
data. Moreover, each element of this family is asymptotically Delaunay. 

In Section SJ we use the non-degeneracy of the metric go to find a right inverse 
for the operator L* o in a suitable function space. After that, we use a fixed point 
argument to construct a family of constant scalar curvature metrics in the comple- 
ment of a small ball centered at p e M, which also depends on n + 2 parameters 
with prescribed Dirichlet data. Each element of this family is a perturbation of the 
metric go- 

In Section |5j we put the results obtained in previous sections together to find a 
solution for the positive singular Yamabe problem with only one singular point. 
Using a fixed point argument, we examine suitable choices of the parameter sets 
on each piece so that the Cauchy data can be made to match up to be C 1 at the 
boundary of the ball. The ellipticity of the constant scalar curvature equation then 
immediately implies that the glued solutions are smooth. 

Finally, in Section [6j we briefly explain the changes that need to be made in 
order to deal with more than one singular point. 

Acknowledgements. The content of this paper is in the author's doctoral thesis at 
IMPA. The author is specially grateful to his advisor Prof. Fernando C. Marques for 
numerous mathematical conversations and constant encouragement. The author 
was partially supported by CNPq-Brazil. 

2. Preliminaries 

In this section we record some notation and results that will be used frequently, 
throughout the rest of the work and sometimes without comment. 

2.1. Notation. Let us denote by 6 \-> ej{6), for j e N, the eigenfunction of the 
Laplace operator on S" -1 with corresponding eigenvalue Ay. That is, 

A s *-iey + Ajej = 0. 

These eigenfunctions are restrictions to S" _1 C W of homogeneous harmonic 
polynomials in W. We further assume that these eigenvalues are counted with 
multiplicity, namely Ao = 0, Ai = • • • = A„ = n — 1, A n+ i = 2n, . . . and Ay < Ay+i, 
and that the eigenfunctions has L 2 -norm equal to 1. The i— th eigenvalue counted 
without multiplicity is i(i + n — 2). 
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It will be necessary to divide the function space defined on S" -1 , the sphere with 
radius r > 0, into high and low eigenmode components. 

If the eigenfunction decomposition of the function <p e L 2 (S" _1 ) is given by 

<P(rd) = Y (pj(r)ej(6) where cpj(r) = I (p{r-)e jr 
then we define the projection n" onto the high eigenmode by the formula 

oo 

<(</>)(r0) := Yj <Pj(r)ej(0)- 

7=n+l 

The low eigenmode on S" -1 is spanned by the constant functions and the restrictions 
to S" -1 of linear functions on R". We always will use the variable 8 for points in 
S" -1 , and use the expression a ■ 8 to denote the dot-product of a vector a e R" with 
6 considered as a unit vector in R". 

We will use the symbols c, C, with or without subscript, to denote various 
positive constants. 

2.2. Constant scalar curvature equation. It is well known that if the metric go has 
scalar curvature R g0 , and the metric ~g = w 4 ^"~ 2 ^go has scalar curvature R-^, then u 
satisfies the equation 



n-2 n-2 
4(^1) g ° U + 4(^1)" 

see (191 and liTl. 

In this work we seek solutions to the singular Yamabe problem QTTj when 
(M",go) is an n— dimensional compact nondegenerate Riemannian, manifold with 
constant scalar curvature n(n — 1), X is a single point {p}, by using a method 
employed by 0, (T3), d, EH-Oll, (SI and others. Thus, we need to find a 
solution u for the equation j2.1|l with R-^ constant, requiring that u tends to infinity 
on approach to p. 

We introduce the quasi-linear mapping H g , 



(2.2) H g (u) = A g u-— — -R g u + ^—^\u\-u, 



n-2 _ i n(n-2), 
4(n - 1) 

and seek functions u that are close to a function Mo, so that H g (uo + u) = 0, Mo + m > 
and (u + «o)(*) - * + 00 as x — > p. This is done by considering the linearization of H g 
about Uq, 



(2.3) L"°( U ) = 4h.(mo + tu) 



dt 



where 



n(n + 2) jl 

= X ? M+ M - 2 M, 

t=0 4 

n-2 



£„w = A g u - — TzRgU 



is the Conformal Laplacian. The operator _£ ? obeys the following relation concern- 
ing conformal changes of the metric 

£ v iH,,-2) g u = v~'^£ g (vu). 
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The method of finding solutions to used in this work is to linearize about 
a function uq, not necessarily a solution. Expanding H g about uq gives 

H g (u + u) = H g (u ) + Lf(u) + QT(u), 

where the non-linear remainder term Q u °(u) is independent of the metric, and 
given by 

(2.4) Q'» = ?^-p±u^ (\u + tu\& - uf^dt. 

It is important to emphasize here that in this work (M n ,go) always will be a 
compact Riemannian manifold of dimension n > 3 with constant scalar curvature 
n(n - 1) and nondegenerate about the constant function 1. This implies that J2.2I I 
is equal to 

„ . . . n(n-2) n(n-2). 4 
H g (u) = A g u — — -u + — -\u\"-*u 

and the operator L go : C 2 ' a (M) -> C°' a (M) given by 

(2.5) L\ o {v) = A go v + nv, 
is surjective for some a e (0, 1), see Definition ll.4l 

2.3. Delaunay-type solutions. In Section|3]we will construct a family of singular 
solutions to the Yamabe Problem in the punctured ball of radius r centered at 
p, B r (p)\{p} C M, conformal to the metric go, with prescribed high eigenmode 
boundary data at dB, (p). It is natural to require that the solution is asymptotic to 
a Delaunay-type solution, called by some authors Fowler solutions. We recall some 
well known facts about the Delaunay-type solutions that will be used extensively 
in the rest of the work. See [29J and [32] for facts not proved here. 

If g = «A(5 is a complete metric in R"\{0) with constant scalar curvature R g = 
n(n - 1) conformal to the Euclidean standard metric 5 on R", then u(x) — > oo when 
x — > and u is a solution of the equation 



n(n - 2) 

(2.6) H 6 (u) = Am + v ' u^ = 

in]R"\{0}. It is well known that u is rotationally invariant (see [9], Theorem 8.1), and 
thus the equation it satisfies may be reduced to an ordinary differential equation. 

Therefore, if we define v(t) := e^ Lt u(e~ t 6) = |x|t"m(x), where t = -log\x\ and 
9 = then we get that 

„ in - 2) 2 n(n - 2) „ +2 „ 

(2.7) v" - - — —^v + -— — -v— = 0. 
v ' 4 4 

Because of their similarity with the CMC surfaces of revolution discovered by 

Delaunay a solution of this ODE is called Delaunay-type solution. 

Setting w := v' this equation is transformed into a first order Hamiltonian system 

I v' = zv 

I , (n-2) 2 n(n-2) , 

IV = V 

v 4 4 

whose Hamiltonian energy, given by 

,„ v , (n-2) 2 2 (n-2) 2 * 

(2.8) H(v,w) = w 2 - K ' v 2 + - — -r-v—i, 
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is constant along solutions of \2.7) . We summarize the basic properties of this 
solutions in the next proposition (see Proposition 1 in |29|). 

Proposition 2.1. For any Ho e (-((« - 2)/n) n/2 (n - 2)/2,0), there exists a unique 
bounded solution of &2.7i satisfying H(v, v') = Ho, v'(0) = and v"(0) > 0. This solution 
is periodic, and for all t e ]R we have v{t) e (0, 1). This solution can be indexed by the 
parameter e = v(0) e (0, ((n - 2)/n)("~ 2 ' /4 ), which is the smaller of the two values v 
assumes when v'(0) = 0. When Hq = -((« - 2)/n) n/2 (n - 2)/2, there is a unique bounded 
solution of GJi . given by v(t) = ((n - 2)/n)("~ 2 ^ 4 . Finally, ifv is a solution with Hq = 
then either v(t) = (cosh(f - fo))* 2 ~"^ 2 /or some to e R or v(t) = 0. 

We will write the solution of i2.7} given by Proposition 12. 1 1 as v e , where v t (0) = 
min v E = £ e (0, ((n - 2)/n)'"~ 2 ^ 4 ) and the corresponding solution of l|2.61 as u E (x) = 
\x\<. 2 - n » z v £ (-log\x\). 

Although we do not know them explicitly, the next proposition gives sufficient 
information about their behavior as e tends to zero for our purposes. 

Proposition 2.2. For any £ e (0, ((« - 2)/n)<"- 2 > /4 ) and any x e M"\{0} with \x\ < 1, the 
Delaunay-type solution u E (x) satisfies the estimates 



U £ (X) - -(1 + \xr n ) 



n+2 

< C„£»-2 \X\~ 



n — 2 

\x\d r u E {x) + — - — e|x| 2 "" 



and 



x\ z d 2 r u £ (x) ■ 



-ex' 



n+2 

< C„£'-2 |X| 



,2^,^ ("-2) 2 „,, 2 _„ 



"+ 2 1 i >, 

<c n e-|xr", 



/or sowie positive constant c n that depends only on n. 
Proof. See ] 



As indicate by Mazzeo-Pacard [29 J, there are some important variations of these 
solutions, leading to a (2m +2)— dimensional family of Delaunay-type solutions. For 
our purpose, it is enough to consider the family of solutions where only translations 
along Delaunay axis and of the "point at infinity" are allowed. Therefore, we will 
work with the following family of solutions of d2.6b 



(2.9) 



u e ,r a {x) := \x - a\x\ \ 2 i? £ (-21og|x| + log |x - a|x| z | + logR). 
See |29l for details. 

In Section[3]we will find solutions to the singular Yamabe problem in the punc- 
tured ball B r {p)\{p) only with prescribed high eigenmode Dirichlet data, so we 
need other parameters to control the low eigenmode. The parameters aeR" and 
R e IR + in l|2.9t will allow us to have control over the low eigenmode. The first 
corollary is a direct consequence of | |2.9l l and it will control the space spanned by 
the coordinates functions, and the second one follows from Proposition 12.21 and it 
will control the space spanned by the constant functions in the sphere. 
Notation: We write / = 0'(Kr k ) to mean / = 0(Kr k ) and V/ = O^" 1 ), for K > 
constant. O" is defined similarly. 
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Corollary 2.1. There exists a constant tq 6 (0, 1), such that for any x and a in R" with 
\x\ < 1, \a\\x\ < r , R e R + , and e e (0,((n - 2)/n) ( "" 2)/4 ) t/ze solution u E/R/B satisfies the 
estimates 

(2.10) « £ ,r,«(*) = u E/R (x) + {{n - 2)u ElR {x) + \x\d r u E/R (x))a ■ x + 0"(|a| 2 |x|^) 
and 

(2.11) u EiRa (x) = u EiR {x) + ((n - 2)u EjR (x) + \x\d r u EiR (x))a ■ x + 0"(\a\ 2 eR^ \x\ 2 ) 
ifR < 14 

Proof. Using the Taylor's expansion we obtain that 

x 



v £ - log |x| + log 



■ a\x\ 



+ logR^ = v E (-log \x\ + logR) 



v' E {-\og\x\ + log R)a • x + ^(-log |x| + logR)0"(|a| 2 |x| 2 ) 



+ v' E '(- log |x| + logR + t a , x )0"(\a\ 2 \x\ 2 ) 
for some t a , x e M with < |f fl/X | < |log | ^ - a|x|||, since 



log 



x i i 
x 



-a-x + 0"(|a| z |x| 2 ) 



for |«||x| < ro and some ro e (0, 1)- Observe that t„ jX — > as |s||x| — > 0. 
Now, by the equation J2.7b and the fact that 



H(v E ,v' e ) 



r \ (n~2f 



£ 2 (^-l), 



where H is defined in J2.81 , it follows that |c^| < c„t? £ , |z>"| < c„z> £ , for some constant 
c„ that depends only on n. 

Since - log |x| + logR < if R < \x\, and v E (t) < ee 2 ? 1 ' 1 , for all f e ]R (see (29]), we 
obtain that 

J7 £ (-log|x| + logR) < eR~|x|"2" 

and 

v E (- log \x\ + logR + t a , x ) < ceR 2 ? \xf? , 
for some constant c > that does not depend on x, e, R and a. 
Therefore, from {2.9) . < v E (t) < 1 and 

\x - a\x\ 2 \^ = Ixl 2 ? + ^y^fl ' + 0"(|a| 2 |x|^) 

for |a||x| < ro and some ro e (0, 1), we deduce the result. □ 

Corollary 2.2. For any e e (0,((n - 2)/m) ( " _2)/4 ) and any x in M" zw'ffr |x| < 1, the 
function u EtR := u EiRr0 satisfies the estimates 

u £tR (x) = |(R^ +R^|x| 2 -") + 0"(R^ 2 £^ 2 |x|-"), 

2 — n „ j!^2 , |2_« ,-.,,^11+2 Ji+2 . 



arid 



M<? r u £ , R (x) = -^eR^|x| 2 -" + 0'(R-e^|x|- n ) 
|x| 2 «9 2 Ut , R (x) = { -H^ £ R^\x\ 2 -" + 0(R^£^\ x \-ny 



Proof. Use Proposition ^. 2l and the fact that u EjR {x) = R"r u e (R 1 x). 
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2.4. Function spaces. Now, we will define some function spaces that we will use 
in this work. The first one is the weighted Holder spaces in the punctured ball. 
They are the most convenient spaces to define the linearized operator. The second 
one appears so naturally in our results that it is more helpful to put its definition 
here. Finally the third one is the weighted Holder spaces in which the exterior 
analysis will be carried out. These are essentially the same weighted spaces as in 
M, M and EH- 

Definition 2.1. For each*: eN,r>0,0<a<l andoe (0,r/2),letw 6 C k (B r (0)\{0}), 
set 

' k 

£ o'\V'u(x)\ 



\u\\(k,a),[a,2o] - sup 
\x\e[o,2o] 



7=0 



\V k u(x) - V k u{y)\ 



+ o k+a sup 

|x|,|y|€[cr,2ff] \ X ~ J/1 



Then, for any e R, the space C k '"(B r (0)\{0}) is the collection of functions u that 
are locally in C k,a (B r (0)\{0}) and for which the norm 

l|M|l0U),f',r = SUp a~^\\u\\(k,a),la,2a] 

0<o<5 

is finite. 

The one result about these that we shall use frequently, and without comment, 
is that to check if a function u is an element of some C°' a , say, it is sufficient to check 

that |m(x)| < CW and |Vu(x)| < C|xK ,_1 . In particular, the function \xf is in C k '" for 
any A:, a, or fi. 

Note that C k ; a c C l f if p. > 5 and k > I, and ||w||(;, a ) /6 < C||w||(jt,„ )/f , for all u e C k ; a . 
Definition 2.2. For each fc e N, 0<a<l and r > 0. Let (p e C ,C (S^ _1 ), set 

ll^ll(fc,a),r := II^^OIIc^CS"- 1 )- 

Then, the space (^'"(S"" 1 ) is the collection of functions (p e C*(S" -1 ) for which the 
norm ||(^)||(^a),r is finite. 

The next lemma show a relation between the norm of Definition 12.11 and 12.21 To 
prove it use the decomposition of the function spaces in the sphere. 

Lemma 2.3. Let a e (0, 1) and r > be constants. Then, there exists a constant c > 
that does not depend on r, such that 

(2.12) iK(Mr)llcu), < cK 
and 

(2.13) \\rd r n' r '(u r )\\ Mr < cK, 

for all function u : [x e M";r/2 < \x\ < r) — > 1R satisfying IMI(2,«),[;-/2,r] < K, for some 
constant K > 0. Here, u r is the restriction ofu to the sphere of radius r, S" -1 c R". 

Remark 2.4. We often will write n"{C k ' a {S^- 1 )) and 7i"(C*' a (B r (0)\{0})) for 

{ ( pec k ' a (sr 1 y,K'( ( p) = ( p} 

and 

[u € C^ a (B r (O)\{O});<(w(s-))(0) = w(s0),Vs e (0,r) and V0 e S^ 1 }, 
respectively. 
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Next, consider (M,g) an n— dimensional compact Riemannian manifold and 
W : B ri (0) — * M some coordinate system on M centered at some point p e M, where 
B n (0) c R" is the ball of radius r x > 0. 

For < r < s < r\ define 

Mr := M\W(B r (0)) and Q,, s := W(A r , s ), 
where A,. /S := [x e R"; r < |x| < s}. 

Definition 2.5. For all k e N, a 6 (0, 1) and v e R, the space Cf;' l (M\{p}) is the space 
of functions o e C/*(M\{p}) for which the following norm is finite 

H Z, llct'"(M\{pl) : = IMIcM(Mi ) + lb ° ^\\(k,a),v,ru 

where the norm || • ||(fca),v,ri is the one defined in Definition 12. II 

For all < r < s < T\, we can also define the spaces C„' a (D w ) and C k ^ a {M r ) to 

be the space of restriction of elements of C k ; a (M\{p}) to M r and Q v , respectively. 
These spaces is endowed with the following norm 

H/llcV"(0,-,) := SU P CT ~''ll/ ^ll(M),[o,2o] 

'' ' r<<J<§ 

and 

\Mcpw,) : = \W\c^(M hi ) + IWIcu ( a, fl )- 

2.5. The linearized operator. Let us fix one of the solutions of (|2.6b , M t/ R,a given by 
l |2.9t . Hence, u c r „ satisfies Hs(m £ r fl ) = 0. The linearization of Ha at u c r „ is defined 
by 

(2.14) L £/R » := L**-(t7) = Ai> + ^^m^ 

where is given by J2.3II . 

In 129], Mazzeo and Pacard studied the operator L £/ j> : = L t r o defined in weighted 
Holder spaces. They showed that there exists a suitable right inverse with two im- 
portant features, the corresponding right inverse has norm bounded independently 
of £ and R when the weight is chosen carefully, and the weight can be improved 
if the right inverse is defined in the high eigenmode. These properties will be 
fundamental in Section [3] To summarize, they establish the following result. 

Proposition 2.3 (Mazzeo-Pacard, ||29)). Let R e R + , a e (0,1) and p e (1,2). Then 
there exists eo > such that, for all e 6 (0, eo], there is an operator 

G E , R : Cjf 2 (B!(0)\{0}) -» C^(Bi(0)\{0}) 

with the norm bounded independently of e and R, such that for f e C°'" 2 (Bi(0)\{0}), the 
function w := G £/ r(/) solves the equation 

01 « / U*<JD)=f in Bi(0)\{0} 

^'^ \ tz^hVO = on 5Bi(0) ■ 

Moreover, if f e 7i"(Cj*(Bi(0)\{0})), f/zen a> e 7i"(C^ a (Bi(0)\{0})) and roe may tote 
pe(-n,2). 
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Proof. The statement in [29J is that for each fixed R the norm of G £/ r is independent 
of e, but this bound might depend on R. In [5 |, Byde observed that the norm of 
G £i r also does not depend on R. □ 

We will work in B,-(0)\{0) with < r < 1, then it is convenient to study the 
operator L £/ r in function spaces defined in B,(0)\{0}. 

Let / e Cjf 2 (Bi(0)\{0}) and w e c£"(Bi(0)\{0}) be solution of d2JL5> . Considering 
g(x) = r~ 2 /(r _1 x) and ip r (x) = w{r~ l x) we get that | |2.15|I is equivalent to 

Le, rR (Wr) =g in B r (0)\{0} 
n' r '(w r \ sr i) = on <9B,.(0) 

Furthermore, since V^H; r (x) = r~i^iw{r~ x x) and V^g(x) = r~ 2 ~iyi f{r~ l x), we get 

ll^rll(2,a),^r ^ c||g||(o /a ) /|U _2,r/ 

where c > is a constant that does not depend on e, r and R. Thus, we obtain the 
following corollary. 

Corollary 2.3. Let p. e (1,2), a e (0, 1), £o > given by Proposition \2.3\ Then for all 
e e (0, £o), R e M + and < r < 1 there is an operator 

G £ , R , r : C°; a _ 2 (B r (0)\{0}) -» C^(B r (0)\{0}) 

icz'ffr norm bounded independently of e, R and r, such that for each f e C '" 2 (B r (0)\{0}), 
the function w := G £/ Rj(f) solves the equation 

L £ , R {w)=f in B,.(0)\j0) 
<(w| s ,,-i) = or; <?B r (0) 

Moreover, iff e 7z"(C°'f 2 (B r (0)\{0})), f/zer, h> 6 n"(C**(B r (0)\{0})) and roe may tote 
pe(-n,2). 

In fact, we will work with the solution U £ ,R, a , and so, we need to find an inverse 
to L £/ R ia with norm bounded independently of e, R, a and r. But this is the content 
of the next corollary, whose proof is a perturbation argument. 

Corollary 2.4. Let p. e (1,2), a e (0, 1), £o > given by Proposition \2.3\ Then for all 
e e (0, £o), R e R + , a e R" and < r < 1 wz'f/z |a|r < ro/or some ro e (0, 1), £/zere is an 
operator 

G £ ,R,r, a ■ C^ 2 (B,.(0)\{0}) -» C^(B r (0)\j0)), 

rozf/i worm bounded independently of e, R, r and a, such that for each f e C°'"(B r (0)\{0)), 
the function w := G £i R Aa (f) solves the equation 

L £ ,R, a (w) = f in B,.(0)\{0} 
7i;'(w| sr i) = on <?B,.(0) 

Proof. We will use a perturbation argument. Thus, 

w(h + 2) / ^ -L\ 
{L £ , R , a - L £/R )i> = [uH a - u;l jv 

implies 

4 4 

ll(L £ ,R, fl - L£,R)^ll(0,a),[a,2o] < c ll U fJ ifl _ u " £ J ll(0,a),[ff,2tf]IMI(0,tf),[<J,2ff], 

where c > does not depend on e, R, a and r. 
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Note that 



(- log \x\ + log 


x 1 1 









+ \o S R ] j = vr-(-\o S \x\ + lo S R) 



4 r lo slS-*l|/ 6-n \ 

Jo K^J ( ~ l0g W + lo§R + t)dL 

Therefore, from MS\ and the expansion \x - a|x| 2 |~ 2 = \x\~ 2 + 0(|fl||x| _1 ), we get 

_j_ j_ 4|v|- 2 rHifi- fl W| / ^ \ 

= " £ "; R 2 w + ^2 J K 2 (_ lo§ 1x1 + log R + t)dt 

+0(\a\\x\~ 1 )vf 1 {- log |x| + log j^j - a\x\ + logftj . 
From the proof of Corollary l2.1l we know that \v' t ,\ < c„v £ . Hence, 



r o(|«iW) ^_ 

~ 2 ^'-'(-loglxl + logK + O^ + OdflHxr 1 ), 

Jo 



since log ||x| 1 - = 0(a|x|) and < e < v E < 1. Thus 

(2.16) I^W-^WI^CnlfllW- 1 , 

where the constant c > does not depend on e, R and a. 
The estimate for the full Holder norm is similar. 
Hence 



and then 



H M £,r,« ~ u 7,r\Wa),[o,2g] < c\a\a 

\\(L £rKa - L £/R )v\\ {0 ,ani-2,r ^ c\a\r\\v\\ { 2 A ),^r, 



where c > is a constant that does not depend on e, R, a and r. 

Therefore, L £j R /fl has a bounded right inverse for small enough \a\r and this 
inverse has norm bounded independently of e, R, a and r. In fact, if we choose yq 
so that ro < j-K -1 , where the constant K > satisfies HG^r^H < JC for all e e (0, £o)/ 
ReE + and r e (0, 1), then 

1 

I|£-£,r,« ° G E/R , r - J|| < ||L E/R/fl - L f ,R||||G f , R , r || < -. 
This implies that L t « „ o G Cr Rj has a bounded right inverse given by 

oo 

(L £ ,R,a ° G £ ,R,r) 1 := y,(^ ~~ ° G £/ R, r ) ! / 

and it has norm bounded independently of e, R, a and r, in fact less than 1. 

Therefore we define a right inverse of L £ ,R,fl as G £ ,R,r,fl := G £/ R A °(L Ej R ja °G £ ,Rj)~ l . □ 



2.6. Poisson operator associated to the Laplacian A. 
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2.6.1. Laplacian A in B r (0)\{0} c W. Since 7i^(G £/R , r , a (/)| sr i) = on dB r (0), we need 
to find some way to prescribe the high eigenmode boundary data at dB r (0). This is 
done using the Poisson operator associated to the Laplacian A. 

Proposition 2.4. Given a e (0, 1), there is a bounded operator 

<P X : ^'(C^S"" 1 )) <(C^(B x (0)\{0})), 

so that 

A(Pi(0)) = in Bi(0) 
<(^i(^)ls»-0 = (j> on dBt(0) ■ 

Proof. See Proposition 2.2 in [5], Proposition 11.25 in [13] and Lemma 6.2 in [33. □ 
For [i < 2 and < r < 1 we can define an analogous operator, 
P r : ^'(C^Sr 1 )) — > <(C^(B,.(0)\jO})) 

as 

(2.17) P r (<pr)(x) = <Pi{<$>){r- l x), 

where cj)(8) := (p r (rd). By Proposition [Z4] we deduce that 

ACPr((pr)) = in B,.(0)\{0} 

K'(P r (cp r )\ sr ) = <p r on dB r (0) 

and 

(2.18) \\Pr((pr)\\(2,a),^ < Cr^ ||</> r || (2 , a) , r; 

where the constant C > does not depend on r and the norm ||(/vll(2,a),r is defined 
in Definition [Z2] 

2.6.2. Laplacian A in R"\B,(0). For the same reason as before we will need a Poisson 
operator associated to the Laplacian A defined in R"\B,(0). 

Proposition 2.5. Assume that <p e C^S" -1 ) and let Q\{(p) be the only solution of 

Av = Q in R"\Bi(0) 
v = (p on dB\(0) 

which tends toO at oo. Then 

ll^l( ( P)llc^ 1 (R"\B 1 (0)) ^ CIMI(2,«),i> 
if (p is L 2 -orthogonal to the constant function. 

Proof. See Lemma 13.25 in fl3l . □ 

Here the space C*' a (]R"\B ( (0)) is the collection of functions u that are locally in 
C k ' a (W\B r {Q)) and for which the norm 

H M HcY'(R"\B,(0)) := su P ~ f 'll M ll('c,a),[<J,2(j] 

is finite. 
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Remark 2.6. In this case, it is very useful to know an explicit expression for Q%, 
since it has a component in the space spanned by the coordinate functions and this 

oo 

will be important to control this space in Section[5] Hence, if we write (p = ^ <p;, 

i=2 

with tp belonging to the eigenspace associated to the eigenvalue i(i + n - 2), then 

oo 

Qi(<p)(*) = Yj m 2 ~"~v 

1=1 

Now, define 

(2.19) Q r (<Pr)(x) := Qi(<p)(r ] x) , 
where cp r (x) := (p(r~ l x). From Proposition l2.5[ we deduce that 

AQ r (<p r ) = in R"\B r (0) 

Qr(<pr) = <Pr On dB r (0) 

and 

(2.20) H^r(<Pr)llc^(E«\B f (0)) * Cr " _1 H<Prll(2,a),r, 
where C > is a constant that does not depend on r. 

2.7. Conformal normal coordinates. Since our problem is conformally invariant, 
in Section [3] we will work in conformal normal coordinates. In this section we 
introduce some notation and an asymptotic expansion for the scalar curvature in 
conformal normal coordinates, which will be essential in the interior analysis of 
Section|3] 

Theorem 2.7 (Lee-Parker, [19]). Let M" be an n- dimensional Riemannian manifold 
and P e M. For each N > 2 there is a conformal metric gonM such that 

det gij = 1 + 0(r N ), 

where r = |x| in g- normal coordinates at P. In these coordinates, ifN > 5, the scalar 
curvature of g satisfies R g = 0(r 2 ). 

In conformal normal coordinates it is more convenient to work with the Taylor 
expansion of the metric. In such coordinates, we will always write 

gij = exp{hij), 

where hu is a symmetric two-tensor satisfying hjj(x) = 0(|x| 2 ) and \xhu{x) = 0(|x| N ). 
Here N is a large number. 



In what follows, we write didjhij instead of ^ didjhij. 



Lemma 2.8. The functions hu satisfy the following properties: 

a) f d l djh ij = 0{^'); 
Jst;- 1 

b) I x^didjhij = 0(1^') for every 1 < k < n, 



where N' is as big as we want. 
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This lemma plays a central role in our argument for n > 8 in Section [3] 
Using this notation we obtain the following proposition whose proof can be 
found in and fl7l . 

Proposition 2.6. There exists a constant C > such that 

d 

\R g - didjhjl < C £ £ \h lja \ 2 \x\ 2H - 2 + Qxr 3 , 

W=2 i,j 

if\x\ < r < 1, n>/zere 

2<|n|<n-4 

and C depends only on n and |/*Ic n (b,.(o))- 

3. Interior Analysis 

Now that we have a right inverse for the operator L £/ x,« and a Poisson operator 
associated to the Laplacian A, we are ready to show the existence of solutions with 
prescribed boundary data for the equation H g0 (v) = in a small punctured ball 
B r (p)\{p} c M. The point p is a nonremovable singularity, that is, u blows-up at p. 
In fact, the hypothesis on the Weyl tensor is fundamental for our construction if 
n > 6. But, if 3 < n < 5 we do not need any additional hypothesis on the point 
p. We do not know whether it is possible to show the Main Theorem assuming 
the Weyl tensor vanishes up to order less than [^]- This should be an interesting 
question. 

First we will explain how to use the assumption on the Weyl tensor to reduce 
the problem to a problem of finding a fixed point of a map, ( 13.81 1 and | |3.12| |. After 
that, we will show that these maps has a fixed point for suitable parameters. 

3.1. Analysis in B,-(p)\{p) c M. Throughout the rest of this work d = [^1, and g 
will be a smooth conf ormal metric to go in M given by Theorem l2.71 with N a large 
number. Hence, by the proof of Theorem 12.71 in [19J, we can find some smooth 
function T e C°°(M) such that g = T^go and T{x) = 1 + 0(|x| 2 ) in g-normal 
coordinates at p. In this section we will work in these coordinates around p, in the 
ball B ri (p) with < r\ < 1 fixed. 

Recall that (M, go) is an n— dimensional compact Riemannian manifold with 
R g0 = n(n — 1), n > 3, and the Weyl tensor W g0 at p satisfies the condition 

(3.1) V'W ¥o (p) = 0, / = 0,l,...,d-2. 

Since the Weyl tensor is conf ormally invariant, it follows that W g , the Weyl tensor of 
the metric g, satisfies the same condition. Note that if 3 < n < 5 then the condition 
on W g does not exist. 

From Theorem 12 . 71 the scalar curvature satisfies R ? = 0(|x| 2 ), but for n > 8 we 
can improve this decay, using the assumption of the Weyl tensor. This assumption 
implies hij = 0(\x\ d+1 ) (see [7]) and it follows from Proposition 12.61 that 

(3.2) R g = didjh.j + 0(\x\"- 3 ). 

We conclude that R g = 0(|x| d_1 ). On the other hand, for n = 6 and 7 we have d - 1 
and in this case, we will consider R g = 0(|x| 2 ), given directly by Theorem 12. 71 
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The main goal of this section is to solve the PDE 
(3.3) H g (u £ , R/ a + v) = 

in B r (0)\{0} c R" for some < r < n, e > 0, R > and a e R", with u e , K , a + v>0 
and prescribed Dirichlet data, where the operator H ? is defined in l|2.2b and u £i r a 
in (2^. 

To solve this equation, we will use the method used by Byde and others, the fixed 
point method on Banach spaces. In 0, Byde solves an equation like this assuming 
that g is conformally flat in a neighborhood of p, and thus he uses directly the 
right inverse of L t R given by Corollary l2.4[ to reduce the problem to a problem of 
fixed point. The main difference here is that we work with metrics not necessarily 
conformally flat, so we need to rearrange the terms of the equation J3.3|l in such a 
way that we can apply the right inverse of L £i r a . 

For each cp e ^'(C^S?- 1 )) define v$ := P r {<$) e 7i"(C*' a (B r (0)\{0})) as in Propo- 
sition |231 It is easy to see that the equation l|3.3|l is equivalent to 

n-2 

( 3 - 4 ) , , n(n + 2) " 

- Qe,RA v <P + z >) 4 U ' £ % Vc t" 

since u £i r iQ solves the equation l|2.6b . Here L £) r a is defined as in J2.14L 

(3.5) Qe»M ■■= Q UeA *{v) 

and Q" f Ko is defined in ((2~4)> . 

Remark 3.1. Throughout this work we will consider \a\r E < 1/2 with r £ = e s , s 
restricted to (d + 1 - Si)" 1 < s < 4(d - 2 + 3/1/2)- 1 and <5i e (0, (8m - 16)" 1 ). 

From this and M.9\ it follows that there are constants C\ > and C2 > that do 
not depend on e, R and a, so that 

(3.6) de\x\^ < u EiRa {x) < Czlxl 2 ?, 

for every x in B, t (0)\{0). 

These restrictions are made to ensure some conditions that we need in the next 
lemma and in Section[5] 



Lemma 3.2. Let ju e (1, 3/2). There exists £0 e (0, 1) such that for each e e (0, £0), a e R" 

Z 2 f(B n (0)\{01), i = 0, 1, and w e C 2 £ d _ 



with \a\r £ < 1, and for all v { e C 2 f(B ri (0)\{0]), i = 0, 1, and w e C 2 '" „ (B r[ (0)\{0)) with 



ll^ill(2,a),fi,r E - cr 1 +d ^ 2 61 and INII(2,a),2+d-f ,r e — c if or some constant c > independent 



of e, we have that Q £r R fi groen by i3.5i satisfies the inequalities 

\\Qe,R,a( w + y l) " Qt,R,«( a; + »o)ll(0,a),^-2,r £ < 
< Ce A "rf +1 ||z;i - Poll&a),^ (||W ll(2,a),2+d-f/ e + ll^lll(2,a),fV f + 1 1^0 1 l(2,a),^,r £ ) , 



and 



1 1 Q £ ,R,a (w) 1 1 (o,«),^-2,r £ < Ce A "rl +2d 1 '"l|ro||p /a) ^ +( j_| /£ - 



Here A„ = 0/or 3 < n < 6, A„ = jMj/or n>7, and the constant C > does not depend 
on e, R and a. 
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Proof. By the hypothesis, we conclude that 

\Vi(x)\ < cr E 



and 



\w(x)\ < cr 2+d 2 



for all x e B rt (0)\{0}. Using <3H>, we get 

u e ,r a {x) + w + v,(x) > e\x\^(d - cQxfc 1 )*? £ < d +^)-\ 
with s(d + 1 — 6i) — 1 > 0, since s > (d + 1 - 6i) _1 . Therefore, 
(3.7) < C^x^ < u Er R A (x) + w{x) + Vi(x) < C 4 |x| Z 2 Ii 

for small enough e > 0, since \x\ < r E . Thus, by | |2.4|| , we can write 



+ 



_ , _ , n(n + 2). , C C , sfcs , , 

Qe,R A ( w + V V ~ Qe,RA w + v o) = ^-KPx - v ) \ {u EiRa + sz t ) '-^z t dtds 

n ~ 2 Jo Jo 

and 

„ , , n(n + 2) . f 1 C\ J J 

Q £ ,rA w ) = tt w {u £rRA + stw)"-ndtds, 

n-2 Jo Jo 

where Zf = w + tv\ + (1 - t)VQ. From this we obtain 

WQefl.JP + Ol) - Qf,R,fl(^ + ^o)ll(0,a),[<T,2 ff ] < Q|l?i - l? ||(0, a ),[<,,2<7] (lMI(0,a),[ ff ,2 (J ] 
+ INI(0 + l|foll(o ,a),[cj,2a]J max ||(w £i R /a 

+ SZ f )"- 2 ll(0,a),[ff,2(j] 

and 

\\Qe,RA{ w )\\(0,a),[oM < Q\ w %) A ),[aM Q m ^ IK M £,R,« + Sfttf)^ ||(0,a),[<j,2<T]- 

From (|3.7|l we deduce that 

|(M £ , R , fl + sz,)^(x)| <Ce A »W^ 

and 

l(w £ ,R, fl + sto)^(x)| < Ce A "\xf£, 

for some constant C > independent of e, a and R. 

The estimate for the full Holder norm is similar. Hence, we conclude that 



max \\{u e , Rm + sz t )°-2\\ (0AUa/2a] < Ce A "a"^ 6 

0<s,t<l 

and 



max \\(u EiRm + Stw)"^\\ M ,[a,2a] < C£ A "ff" 2 " 
0<s,f<l 

Therefore, 



O 2 ^\\Qe,R,a( z0 + Vl) ~ Qe,R,a( w + ^o)II(0,«),[o,2<t] < 
< Ce A »rf +1 ||l7 1 - Vo\\(2,a)4i,r c (\\ w \\(2A),2+d-lr c + ¥ lll(2, a ), fVf + lboll(2,«), M ,r E ) 



and 



CT 2 f 'IIQe,R / fl(^)ll(0,«),[ [ J,2 ( j] < Ce 



A n 3+ 2d -f-M||„,|,2 



(2,«),2+tf-§ ,r E ' 



since 1 < < 3/2 implies 2 + d - n/2 < fi and 3 + 2d- n/2 - ji > 0. 
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Now to use the right inverse of L £j r /S , given by G E ,R,r c , a , all terms of the right 
hand side of the equation J3.4b have to belong to the domain of G £r R iT£ , a - But 
this does not happen with the term R g u £j R A if n > 8, since R g = 0(|x| d_1 ) implies 
R g u £/R/tt = OQxf-i) and so R g u £iKA t C°'" 2 (B r[ (0)\{0}) for every y. > 1. However, 
when 3 < n < 7 we get the following lemma: 

Lemma 3.3. Let 3 < n < 7, \x 6 (1,3/2), k > and c > be fixed constants. There exists 
e e (0,1) such that for each ee (0,e ),forallv e C 2 ; a (B rc (0)\{0})and(p e n"{C 7 - a {S n r ; 1 )) 

with ||f||(2,a),u,r c ^ cr l +d 2 61 ll ( / ) ll(2,a),) f ^ Jcr £ +d 2 61 , we have that the right hand 
side of CCS te/on^s to C°f, (B,,(0)\{0}). 



2+d-fi-f-6i 



Proof. Initially, note that by J2.18|l we obtain 

IK + o|l(2,a), M ,r t < (c + K)r £ 

by LemmaPwe get that Q £ , R/ «(z>0 +v)e Cj? 2 (B r .(0)\{0}). 

Now it is enough to show that the other terms have the decay 0(|x| fl ~ 2 ). 
Using the expansion ( 12.10L it follows that 

(A - A g )u £i R A = (A - Ag)u £ R + (A - A ? )(u £ , R ,« - w £ , R ), 

4-1! 

with u tv p> /fl - U £/R = 0"(|fl||x|~). Moreover, since in conformal normal coordinates 
A ? = A + 0(|x| N ) when applied to functions that depend only on \x\, where N can 
be any big number (see proof of Theorem 3.5 in [41], for example), we get 

(A - & g )u e ,R = 0(\X\ N '), 

where N' is big for N big. 

Since gij = <5,y + 0(|x| d+1 ), we get 

(A - A g )(u e , RM - u £iR ) = 0{\x\ d+2 ^) = 0(\xr 2 ) 

when jj < 3 + d - 3/2. 

Since = 0(\x\ 2 ), g tj = 6, 7 + 0(|x| d+1 ), R g = 0(\x\ 2 ), using (32) we get the same 
decay for the remaining terms. Hence the assertion follows. □ 

Now this lemma allows us to use the map G £i R r r iA . Let fi e (1,3/2) and c > 
be fixed constants. To solve the equation §3.3} we need to show that the map 
M £ (R,a,(p,-) : B £ ,c,6i C/j' a (B rE (0)\{0}) has a fixed point for suitable parameters 

e, R, a and cp, where £ £<cA is the ball in C 2 ; a (B r[ (0)\\0}) of radius cr £ +d " f '" f " ftl and 
N £ {R, a, (p, ■) is defined by 

/ n-2 

N £ (R, a, (p, v) = G £j r a „ I (A - A g )v + — _ R g v - Q e ,R A (v,f, + v) 

^ 3 ' 8 ^ n-2 n(n + 2) _*. \ 

+(A - A g )(u £/RA + v<p) + 4(w _ 1) R g (M £ ,R,« + v+) 1 — KjJP* I • 

Let us now consider n > 8. Since R g = 0(|x| d_1 ), wehaveR f w £/ j> /fl = 0{\x\ d ~'i), and 
this implies that R g u £/ R A £ C°'" 2 (B,- t (0)\{0}) for pi > 1. Hence we cannot use G £i R iTtitt 
directly. To overcome this difficulty we will consider the expansion d2.10|l , the 
expansion l|3.2|l and use the fact that didjhjj is orthogonal to {1, X\,..., x n ] modulo a 
term of order 0(|x| N ") with N" as big as we want (see Lemma |Z81 ) 
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It follows from this fact and Corollary|Z3j that there exists w e ,R 6 Cjg i _ „ (B n (0) \{0)) 
such that 

n-2 

(3-9) L £ ,R(We,R) = 77 rrTi {didjhij)u e ,R. 

4(n — 1) 

This is because W £/ r depends only on |x|. 
Again by Corollary l2,3l 

(3.10) WWefrWciAii+d-^n ^ c\\n"(didjhij)u EiR \\ i0ia)ii -n re < c, 

for some constant c > that does not depend one and R, since didjhjjU £r R - 0(|x| rf ~5). 

Considering the expansion 02.101 1 and substituting v for w £i r + v in the equation 
j3A\ , we obtain 

n-2 

Le,R,a( v ) = ( A - A ? )(u £/ R,a + ip £/ r + !></, + u) + _ Rg(a; £ ,R + ity + v) 

n-2 

-Qe,R A ( w e,R + V ( u + v) + — — djdjhij(u E ,R, a - U s ,r) 

(3.11) 4(n-l) 

n — 2 n(n + 2) _£. 

+ i(^Tj ( ^ " did ^ u ^ + -^2~Kr - '';.«>- 

n(n + 2) h — 2 — 

4 e,R ft <P 4( n _ i) £ < K 

where B. ? - d l d j h ij = 0(\x\ n ~ 3 ), u £ ,r,„ - u £/R = 0(|a||x|— ), u £ "J fl - m£* = 0(|fl||x| _1 ) by 

the proof of Corollary EH and /z = did fa - n" (did fa) = 0(\x\ N ") with N" large. 
Hence we obtain the following lemma 



Lemma 3.4. Let n > 8, \i e (1,3/2), jc > and c > be fixed constants. There exists 

~a.fi 



£ e (0,1) such that for each e e (0,1), for all v e C 2 ; a (B ri (0)\{0}) and cp e n"(C 2 ' a ($?; 1 )) 



with \\v\\(2,a)M,r c ^ cr £ 2+d f 2 61 and ||<£||(2,a),r £ ^ Kr £ +d 2 6l , roe /zai>e twaf the right hand 
side of dlD belongs to C '" (B, (0)\{0}). 

r 

Proof. As before in Lemma |3.3[ we obtain 

Q £ ,Uw £ , R + ^ + 0) 6 Cjf 2 (B r ,(0)\{0}) 

and 

(A - A g )u £ ,R,a = 0(\x\ 1+d ~ L 2) = 0(\xf- 2 ). 

Therefore, the assertion follows, since for the remaining terms we obtain the 
same estimate. □ 



Let fi e (1,3/2) and c > be fixed constants. It is enough to show that the 
map N £ (R, a, cp, ■) : S £/C/ 6, — > C^(B r (0)\{0)) has a fixed point for suitable parameters 

e, R, a and <p, where S eA 6, is the ball in C 2 ; a (B r (0)\{0}) of radius cr^" 1 " 6l and 
/V £ (K, a,cp,-) is defined by 
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/ n-2 

N e (R, a, (p, V) = G eiRi r,„ I (A - A g )v + ^—^ R g v ~ Qt,R,a(v<p + U>e,R + V ) 

n-2 

+ (A - A g )(u £iRia + V ( t, + W £rR ) + _ ^ RgiVcp + W £ ,r) 

n ~ 2 ,t, ~t ~i i \ n(n + 2) * 
(3.12) + 4(n-l) ( s ~ did > hi ^- R ' a 4 u lhP* 

n(n +2), -L. _j_ n-2 - 
+— -(«% -u n -l )w eR + — -hu eR 

+ l(n-l) did > h, > {UE ' R - a ~ U£ ' r) ) ' 

In fact, we will show that the map N £ (R, a, <p,-) is a contraction for small enough 
e > 0, and as a consequence of this we will get that the fixed point is continuous 
with respect to the parameters e, R, a and <p. 

Remark 3.5. The vanishing of the Weyl tensor up to the order d — 2 is sharp, in the 
following sense: if V'W g (0) = 0, 1 = 0,1,. . .,d - 3, then for n > 6, g,j = <5, 7 + 0(|x| d ) 
and 

(A-A g )u ErKa = 0(\xf-'i). 
This implies (A - A g )u E/Rjtt £ C°'" 2 (B rt (0)\{0}), with (i > 1. 

The next lemma will be very useful to show Proposition l3.ll To prove it use the 
Laplacian in local coordinates. 

Lemma 3.6. Let g be a metric in B r (0) c R" in conformal normal coordinates with the 
Weyl tensor satisfying the assumption i3.1h Then, for all pi eK and v e C^ a (B r (0)\{0}) 
there is a constant c > that does not depend on r and p such that 

||(A - Ag)(v)\\ ( o Alfl -2,r < C^IMI&a),^. 

3.2. Complete Delaunay-type ends. The previous discussion tells us that to solve 
the equation d3-3b with prescribed boundary data on a small sphere centered at 
0, we have to show that the map N t (R, a, cf>, •), defined in ( 13 .8b for 3 < n < 7 and 
in (13.121 for n > 8, has a fixed point. To do this, we will show that this map is a 
contraction using the fact that the right inverse G El R ireA of L t R „ in the punctured 
ball £>,- t (0)\{0}, given by Corollary l2.41 has norm bounded independently of e, R, a 
and r E . 

Next we will prove the main result of this section. This will solve the singular 
Yamabe problem locally. 

Remark 3.7. To ensure some estimates that we will need, from now on, we will 
consider R 2 ? = 2(1 + b)e~ l , with \b\ < 1/2. 

Proposition 3.1. Let p e (1,5/4), t > 0, k > and 62 > 61 be fixed constants. There 
exists a constant £q 6 (0,1) such that for each e 6 (0, £0], \b\ < 1/2, a 6 W with 

\a\r\~ 52 < l,and(pe n"(C 2 - a {^r l ))with\\cb\\( 2Alr£ < x?^' 1 '^ , there exists a fixed point 

of the map N £ (R,a,<p, ■) in the ball of radius %r~ £ d ~^ in Cf; a (B ri (0)\{0}). 
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Proof. First note that \a\r E < r 5 E 2 — > when e tends to zero. It follows from Corollary 
12.41 Lemma l3~3l and l3~51 that the map N £ (R, «,</>,•) is well defined in the ball of radius 

T^ +rf_f '" f in C^(B r£ (0)\{0}) for small e > 0. 
Following 1 5 ] we will show that 

(3.13) \\N E (R,a,(p,0)\\(2^r t < , 

and for all v t 6 C**(B, t (0)\{0}) with M\(M^r, £ Trf d_f '" f , i = 1,2, we will have 

1 

(3.14) IDV 8 (R,b,</>,Oi) - N E {R,a,<p,v 2 )\\ {2A) , m < -\\v x - v 2 \\ M , m - 

It will follow from this that for all v e C 2 ,'"(B,. f ,(0)\{0}) in the ball of radius T^ +rf_f '" f 
we will get 

\\N E (R,a, 4>, v)\\ Mttl/ r e < \\N £ (R, a, cp, v) - N £ (R,a, cp, 0)||( 2 , a ), M ,r E + \\N E (R, a, cp, 0)|[ (2 , a ) //J/E . 
Hence we conclude that the map N E (R, a,<p,-) will have a fixed point belonging to 

the ball of radius zr 2 ^'^ in C 2 ,' a (B,. t (0)\{0j). 
Consider 3 < n < 7. 

Since G E/RiTcS is bounded independently of e, R and a, it follows that 

||M-(R,a,<^0)|| (2 , a ), f ,, ri . < c(||(A - A g )(u EiKa + ^)l| ( o,a), M -2,r J 

+ l|Rg("£,R,u + ^)ll(0,a),f'-2,r f + 1 1 Qf (^cf>) 1 1 (0,«),/.i -2,r E + 11"^ R fl ^(/>ll(0,a),fi-2,i- E j / 

where c > is a constant that does not depend on e, R and a. 
Using local coordinates we obtain that 

a 2_f '||(A - A^)(M £ ,R^ - U EjR )\\ {0 , aU a,2a] < CO l+i ^'\\u EiRi a - U EfR \\ (2 ,a),W,2a] < c|fl|a 3+d " f '"*, 

since u e ,r,„ = u e ,r + 0"(\a\\x\~r), by | |2.10|| . The condition y. < 3/2 implies 

(3.15) ||(A - A g )(u EiRitt - u E>R )\\ M ^- 2 , re < c|fl|r' +rf " , '" f . 

As in the proof of Lemma |3~3l we have that (A — Ag)u E>R — 0(\x\ N ), and from this 
we obtain 

(3.16) ||(A - A g )u E , R \\ m ^ 2tre < erf, 

where N' is as big as we want. Hence, from 03.151 1 and l |3.16t . we get 

(3.17) ||(A - A g )u E)R>a \\ (0A) ^ rt < cr^r] +d -^ , 

since \a\r\~ &1 < 1, with b 2 > 0. 

From Lemma r3.6l and | |2.18|| , we conclude that 

||(A - A g )v<p\\ {0jn) ^ Zre < cr] +d ~ l ''\\(p\\ {Za)jri < ckt e 
and then 

(3.18) ||(A - A g )v^\\ {0A)tl . 2 , £ < CKr\ +d ^ r 2+d ~^ . 

Furthermore, since 5 - y. - n/2 > 3 + d - \i - nil, R g = 0(|x| 2 ) and we have 113.61) , 
we get that 

(3.19) II V^llto,*),^ ^ cr '~ f '" ! ^ cr E rT H '-\ 
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Using j2.18|l , we also get 

(3.20) \\R g v4 Mt ^ z , n < cr^\W\ Mift < CKr^r 2 ;"-^, 

with 4 - 5\ > 0. 

By Lemma [3721 and ( I2.18L we obtain 

(3.21) ||Q £ , R >0)H(o,«),M-2,r £ < ceH^Wl^ * CK 2 £ 6 'r 2 e +d ~"~K 

with 5' = A n + s(3 + 2d - y. - n/2 - 25i) > 0, since fi < 5/4, s > (d + 1 - <5i) -1 and 
< Si < (8m - 16)" 1 . 

4 

Let us estimate the norm ||w^|^||(o,a), M -2,r £ - 

4 4 

First, (12.161 implies M""j? = u + 0(|fl||x| _1 ). Hence, using ( |2.18t . we deduce that 

(3.22) o 2 "!^ - M ^)^||(o, a) ,[^] < Clfll^l^Hou,,. < Cxr^r 2+ ^ , 

since |fl|rj" 62 < 1, with <5 2 - <5i > 0. 
If r\ +x < \x\ < r £ with A > 0, then 

-s log e < - log \x\ < -s(l + A) log £, 

and by the choice of R, Rt 1 = 2(1 + fr)e _1 with \b\ < 1/2, see Remark |3~71 we obtain 
2 



s j log £ + log(2 + lb) 2 -» < - log |x| + log R < 

(1 + An log £ + log(2 + 2b) & , 



n-2 



kh-2 

with ^zj - s > 0, since s < 4(d - 2 + 3«/2) _1 < 2(n - 2)" 1 . We also have 

V E (- log |x| + logR) < £c( T 2 *- 1 ) loge+log(2+26) = (2 + 2 b)e'^ S 

for small enough A > 0. This follows from the estimate v £ (t) < ee' 1 ^^, Vf e 1R. 
Hence 

(3.23) u**(x) = \x\- 2 vr 2 (-log\x\ + logR) < CM" 2 ?* 

2 

s(n-2) 

— -9 9 

l|W £ "Kll(0,a),[<7,2<7] < Cff Z ?t 



If we take < A < - 1 fixed, then ^ - s(l + A) > and from (13.23b we get 



for r] +A < a < 2 V £ , and then 

(3.24) ^~l«^M<M,Mto] ^ CKr?- 6l ^ +d " f '- ! , 

with 2 - 6i > 0. 

For < cr < r^ +A , we have 

(3.25) a 2 ^|| U ^z; || ( o,„), [ff ,2 (J] < Ci£-M +Xh2 \\<t>\\ M , t < Cxtf^ r 1 ^, 

Since s < A(d - 2 + 3«/2) _1 , we can take A such that < A < s ^ 2 _ 2 ^ - 1. This 

together with /.< < 5/4 and < Si < (8n - 16)" 1 implies (2 - ,u)A - <5i > 0. 
Therefore, by ( 137221 1, (|3724l and < f3T23l we obtain 

(3.26) Hm^^IIco^-^ < crf-^W < cxr^r^ 1 , 
for some 5" > b\ fixed independent of £. 
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Therefore, from f53ft . (l318t . ll3l9ll . (13301 . E2D and ££26) it follows for 
small enough £ > 0. 

For the same reason as before, 

\\N E (R,a,(p,Vx) - N E (R,a,4>,V Z )\\(2A),H,re ^ c {\\( A g ~ A )( v l ~ ^2)11(0,^-2^ 
+\\Rg(Vi - »2)ll(0,a),^-2,r t + \\Q £ ,R,a( v <p + v l) ~ Qt,R,a( v <p + ^)ll(0,a), f i-2, r[ ) , 

where c > is a constant independent of e, R and a. 
From Lemma 1331 and R g = 0(|x| 2 ) we obtain 

(3.27) ||(A - A g )(V! - V 2 )\\ M ,^-2,r l < crf l \\v x - P 2 ll(2,a), M ,r £ 

and 

(3.28) \\Rg{V\ - V 1 )\\(0, a ), ll -z,r f < Cr%Vi - V 2 \\(2A),tV c - 

As before, Lemma [3721 and l|2.18t imply 

(3.29) ||Q f ,«> + v t ) - Q E/Ra {v$ + v 2 )\\ {Q , a)ill - 2 ,r t < c^^-^-^Wv^ - v 2 \\ {2 , a ),^ 

with A n + s(3 + 2d - p. - n /2 - 5 i) > as in d3.21|) . 

Therefore, from J3.27| |, d3.28t and | |3.29| |, we deduce (13.14b provided V\, v 2 belong 

to the ball of radius tt £ + '' 2 in c£"(B re (0)\{0})) for e > chosen small enough. 
Consider n > 8. 
Similarly 

\\N s (R,(i,§,0)\\( 2 , a ), m < c (||(A - A g )(u EiRia +v (j> + w £iR )\\ {0A)4l - 2ir£ 
+\\Rg(v<i> + w E)R )\\ i0Alfl - 2fre + \\Q £ ,R,a{v<p + w E)R )\\(p A)/ll - 2tre 

+ \\(Rg - did jhij)U £iRA \\(0 ta ) rhl -2,r £ + \\didjhij(u E)Rl a - Wf,R)ll(0,a),,J-2,r t 

+ \\ U l^. i a V <p\\(0A)4i-2,r [ + \\{uf^ ~ U^ A )w E)R \\(o )a) ^- 2i r c + ||/ZM £ ,K||(0,«),,,-2,r £ ) , 

where c > does not depend on e, R and a. 

From J2TTB1 , (|3J0t , Lemma|32]and the fact that R g = 0(|x| d_1 ), we get 

(3.30) ||(A - A g )w E , R \\ M/tl - 2 ,r e < c4 +1 r 2 E +d ~^ , 

(3.31) WR^ + w E>R )\\ M ,^ 2 , n < CKr\ +d -^r] +d -' l -\ 
and 

(3.32) \\Q e ,rA^ + U>e,R)\\ M ^-2,r e < Ct* rf^" 1 , 

for some <5' > 0. 
Note that 

(Rg-d.djh^R^OQxfi- 2 ) 

and 

didjhij(u E , RA - u £tR ) = 0(\a\\x\ 1+d -'i), 
by Corollary l2.ll This implies 

(3.33) \\(R g - didjhii)u ElRA \\(Q A )^- 2 ,r e < cr £ r 2+d ~^~ J 
and 

(3.34) Wdidjhji Ut,R)\\(0,a)A-2,r c < c\d\r, 



2+d- 
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4 4 

Finally, by the proof of Corollary l2.4l we have 

K~Ra ~ Kr = OQaWx]- 1 ). Hence, 

— — 2+d-u-i 

(3-35) ||(m^ - u^JWejMfprt^-z,, < c\a\r £ r E 2 . 

Since h = 0(|x| N '), where N' is as big as we want, by d317> , d3~18l d3l2gb , (f3T30l> , 
(|33l> , <(3T32t , j333"l l, (|3T34l > and d3735t , we deduce d37T4|) for £ > small enough. 

Now, we have 



\\N E (R,a,$,vi) - Ne(R,a,(p,v 2 )\\(i, a ) 4 i,r t < c[\\(A g - A)(vi - v 2 )\\(p A ),n-2,r e 

^f,R,a 

+ \\R g {Vi - V 2 )\\ ( o AUl _2,r) ■ 

As before we obtain 

(3.36) ||(A - A g )(v! - v 2 )\\ M ^ 2>u < crf 1 ^ - v 2 \\ {2Alllin 
and 

(3.37) WRg^ - v 2 )\\ M)ll . ZirE < ai +1 \\oi ~ VzW^iw 
By Lemma [3721 and ( |2.18t . we obtain 

,o oox \\QefiA V 4> + W £,R,a + V l) - Qe,R,a{ V <p + W e,Rft + V 2 ) 11(0,^-2/, < 

( ' < C K E^*^-i-^\\ Vl - V 2 \\ M ^ S , 

with A„ + s(3 + 2d- n/2 - Si) > 0. 

Therefore, from J3.36I I, J3.37I I and (13.38ft , we deduce j3. 14b provided V\, v 2 belong 

to the ball of radius xr t + f ' 2 in c£"(B rr (0)\{0})) for e > chosen small enough. □ 

We summarize the main result of this section in the next theorem. 

Theorem 3.8. Let e (1,5/4), t > 0, k > and 5 2 > <5i be fixed constants. There 
exists a constant e e (0,1) such that for each e e (0, £0], \b\ < 1/2, a e 1R" with 

\a\rl~ 62 <landcp e n" {C 2 - a (S^ 1 )) with \\(p\\ { 2, a ),r e < jo^" 1 there exists a solution 
U £iRM 6 qj a (B re (0)\{0))/or the equation 

ti s (u erRja + w EiR + v iP + U EiRra4 ) = Q in B, v (0)\{0| 
ti"((^ + U EiRia ^)\ dBrM ) = <p on <?B rf (0) 

wherew £iR = 0for3 <n< 7andw £/R e n"(C^" d _ fl (B ri ,(0)\{0})) is solution of the equation 

(Tl9l> for n>8. 
Moreover, 

(3.39) WUewWMw * trl +d -^ 
and 

(3.40) WUe^a,^ - U £ ,K,«,^ 2 ll(2,a),fi,r £ < Crf f '||c/)i - <^>2 1 1 (2,«),r t , 

/or some constants 63 > that does not depend on e, R, a and (pi, i = 1, 2. 

Proof. The solution U EjRi a i( p is the fixed point of the map N £ (R, a,cp, •) given by 
Proposition |3.1| with the estimate | |3.39| |. 

Use the fact that U E>RA/ p is a fixed point of the map N t (R, a,(p,-) to show that 

l|L/£,R,«4>i - ^■e,RA4z\\{2,a),li,rt ^ 2\\N e (R, fl, (fh, Us&afa) ~ N E (R, a, (p 2/ U £rRi a, ( p 1 )\\(2,a),ii,r r 

From this we obtain the inequality | |3.40| |. □ 
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We will write the full conformal factor of the resulting constant scalar curvature 
metric with respect to the metric g as 

Jl E (R,a,(p) := w £ ,r,„ + w e ,r + tty + U EiRA(j)/ 

in conformal normal coordinates. More precisely, the previous analysis says that 
the metric g = 3K £ {R,a, (p)"^g is defined in B re (p)\{p] c M, it is complete and has 
constant scalar curvature Kg = n(n-l). The completeness follows from the estimate 

&. e {R,a,(P)>c\x??, 

for some constant c > 0. 

4. Exterior Analysis 

In Section [3] we have found a family of constant scalar curvature metrics on 
B rc (p)\{p} C M, conformal to go and with prescribed high eigenmode data. Now 
we will use the same method of the previous section to perturb the metric go and 
build a family of constant scalar curvature metrics on the complement of some 
suitable ball centered at p in M. 

First, using the non-degeneracy we find a right inverse for the operator L^ o (see 
02. 5t ), in the complement of the ball B r (p) c M for small enough r, with bounded 
norm independently of r. 

In contrast with the previous section, in which we worked with conformal 
normal coordinates, in this section it is better to work with the constant scalar cur- 
vature metric, since in this case the constant function 1 satisfies H ga (l) = 0. Hence, 
in this section, (M n ,go) is an n-dimensional nondegenerate compact Riemannian 
manifold of constant scalar curvature R g0 = n(n - 1). 

4.1. Analysis in M\B,-(p). Letri e (0, lJandV : B n (0) — > M be a normal coordinate 
system with respect to g - 1 r ~goor\M centered at p, where T is defined in Section 
[3] We denote by G v (x) the Green's function for L* o = A ?0 + n, the linearization of 
H g0 about the constant function 1, with pole at p (the origin in our coordinate 
system). We assume that G p (x) is normalized such that in the coordinates W we 
have lim \x\"~ 2 G P (x) = 1. This implies that |G P o W(x)\ < C\x\ 2 ~ n , for all x e B n (0). 

In these coordinates we have that (go)ij - 6;/ + 0(|x| 2 ), since gjj - <5,y + 0(|x| 2 ) and 
T = 1 + 0(|x| 2 ). 

Our goal in this section is to solve the equation 

(4.1) H g0 (l + AG p + u) = on M\B r (p) 

with A e R, r e (0, r\) and prescribed boundary data on dB, (p). In fact, we will 
get a solution with prescribed boundary data, except in the space spanned by the 
constant functions. 

To solve this equation we will use basically the same techniques that were used 
in Proposition 13. II We linearize H ?0 about 1 to get 

H g0 (l + AG P + u) = L\ o {u) + Q\AG P + u), 

since H g0 (l) = and L^(G ;) ) = 0, where Q 1 is given by i2A) . Next, we will find a 
right inverse for L^ o in a suitable space and so we will reduce the equation l|4.11 to 
the problem of fixed point as in the previous section. 
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4.2. Inverse for L* o in M\^(B,(0)). To find a right inverse for Li , we will follow 
the method of Jleli in llT3l . This problem is approached by decomposing / as the 
sum of two functions, one of them with support contained in an annulus inside 
W(B ri (0)). Inside the annulus we transfer the problem to normal coordinates and 
solve. For the remainder term we use the right invertibility of iA on M which is a 
consequence of the non-degeneracy. 

The next two lemmas allow us to use a perturbation argument in the annulus 
contained in W(B n (0)). 

Lemma 4.1. Fix any v e R. There exists C > independent of r and s such that if 
< 2r < s < Y\, then 

\\(Ll - AXtOHcj, (CW < Cs 2 |M| C 2,« (Qv)/ 

for alive C^(Q^). 

Proof. Use the Laplacian in local coordinates. □ 

Lemma 4.2. Assume that v 6 (1 — n, 2 — n) is fixed and that < 2r < s < T\. Then there 
exists an operator 

G r , s : C^ 2 (Q„ S ) -» C^(Q r , s ) 

such that, for all f e C°'"(Q r/S ), the function w - G r ,s{f) zs a solution of 

Aw = f in B s (0)\B r (0) 
w - on dB s (0) 
w e R on dB r (0) 

In addition, 

\\Gr,s(f)\\ci^) * C H/IIC 2 (0,,)' 
for some constant C > that does not depend on s and r. 

Proof. See lemma 13.23 in CGD and E). □ 

Proposition 4.1. Fix v e (1 - n, 2 - n). There exists r 2 <\t\ such that, for all r e (0, r 2 ) 

we can define an operator 

G Wo : C°l" 2 (M r ) -» C 2 : a {M,), 
with the property that, for all f e C '" (Mr) the function w = G r , Sa {f) solves 

in M r H?zf/j uelR constant on dB r (p). In addition 

H G '-*(/)llc?'"(M,.) ^ C ll/llc°f 2 (M r )' 

ztfere C > does not depend on r. 

Proof. From Lemma 14.11 and a perturbation argument follows that the result of 
Lemma l4~2l holds for s = r\ small enough when A is replaced by L*. We denote by 
G r , n the corresponding operator. 

Let / 6 C°f 2 (M r ) and define a function w e C 2 /'{M r ) by 

ro := *lGr,n{f\a Vl ) 
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where T] is a smooth, radial function equal to 1 in Bi ri (p), vanishing in M n and 
satisfying \d r rj(x)\ < c|x| _1 and \d 2 i](x)\ < c\x\~ 2 for all x e B n (0). From this it follows 
that 1 1 ?7 1 1 (2,«), [o,2er] is uniformly bounded in a, for every r <a <\f\. Thus, 

(4-2) \M\^(fA r) < Q\f\\c&w 

where the constant C > is independent of r and Y\ . 
Since zvq = G r , ri (f\a Vl ) in O r/ i n , the function 

h:=f-Ll(w ) 

is supported in Mi r . We can consider that h is defined on the whole M with h = 
in Bi ri (p). By (O we get 

(4.3) Plb« ( M) <C ri ||/|| c o f2(Mr) , 

with the constant C n > independent of r. 

Since L l go : C 2,a (M) — > C 0,£t (M) has a bounded inverse, we can define the function 

where x is a smooth, radial function equal to 1 in M-2r 2 , vanishing in B,- 2 (p) and 
satisfying < c|x| _1 and |<?*j(%)| < c\x\~ 2 for all x e £>2r 2 (0) and some Y2 e 

( r , \ r \) to be chosen later. This implies that llxllp^Ucj^u] is uniformly bounded for 
r < a <\t\. 

Hence, from d4.3b 

(4.4) \\wi\\ cV , (Mr) < C ri \\(LlXHh)\\c^(M) < C ri \\h\\coA m < Qll/llc^y 

since v < 0, where the constant C n > is independent of r and ri. 
Define an application F r ,g : C° v '" 2 (M r ) — » Cv' a (M,-) as 

*>,go(/) = J»o + t»i. 
From (|42|, lO and we obtain 

(4-5) \Wm(f)\\c*<Mr) * C II/HC 2 (M,.)' 

and 

(4.6) K(F r , g0 (f)) - f\\ clUMr) < Cr-^f\\ clUMr) 

since 1—n <v <2-n implies that 2 - v > and -1 — v > 0, for some constant C > 
independent of r and ?2. The assertion follows from a perturbation argument by 
l|4.5t and H.6} , as in the proof of Corollary l2.4l □ 

4.3. Constant scalar curvature metrics on M\B r (p). In this section we will solve 
the equation l|4.1t using the method employed in the interior analysis, the fixed 
point method. In fact we will find a family of metrics with parameters A e R, 
< r < Y\ and some boundary data. 

For each cp 6 C 2 ' a (Sf 1 ) L 2 -orthogonal to the constant functions, let u v e Cl' a (M r ) 
be such that u 9 = in M n and u<p o W = t]Q r {<p), where Q r is defined in Section 
12.6.21 7] is a smooth, radial function equal to 1 in Bi ri (0), vanishing in K"\B ri (0), 

and satisfying \d r t]{x)\ < c|x| _1 and \d 2 i](x)\ < c\x\~ 2 for all x e B (1 (0). As before, we 
have ||r]||(2,a),[o,2<j] < c, for every r < o <\y\. Hence, using j2.20|l we conclude that 

(4-7) W U fWc 2 /(M r ) ^ cr ~ V W<P\\(2A),r, 
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for all v > 1 - n. 

Finally, substituting u := u v + v in equation (4.1) . we have that to show the 
existence of a solution of the equation J4.1|l it is enough to show that for suitable 

A € R, and <p 6 C 2 '"^" 1 ) the map M r (A, cp, ■) : C 2 v A (M r ) -> C 2 '"(M r ), given by 

(4.8) M r (A, cp, v) = -Gr jg0 (Q 1 (AG p + u v + v) + L\ {u v )), 

has a fixed point for small enough r > 0. We will show that M r {A, <p, ■) is a 
contraction, and as a consequence the fixed point will depend continuously on the 
parameters r, A and cp. 

Proposition 4.2. Let v e (3/2- n, 2 - n), <5 4 e (0,1/2), jS > and y > be fixed 
constants. There exists r 2 6 (0, ri/4) swc/i f/iaf ff r e (0, ^2), A e R u>#/z |A| 2 < r d_2+ T, 
andcp 6 C 2 ' a (S" _1 ) is L 2 -orthogonal to the constant functions with ||<p||(2,a),r < pr 2+d ~'i~ 6i , 
then there is a fixed point of the map M r (A, cp, ■) in the ball of radius yr 2+d ~ v ~i in Cy' a {M r ). 

Proof. As in Proposition l3.1l we will show that 

(4.9) IIM(A,<p,0)|| c? „ I(Mr) <iyr^- v ^ 
and 

1 

(4.10) \\M r (A, cp, vi) - M r (A, cp, v 2 )\\ c y. m < -z \\v x - v 2 \\^ my 

for all vi 6 C 2 v A (M r ) with ||p,|| C 2„ (M ) < yr^~ v ~ l , i = 1 and 2. 
From (4. 8) and Proposition 14.11 it follows that 

||M r (A,(p,0)|| C 2,„ (Mj) <c\W£{kG f + M<p)ll c o,<. 2(Mr) + ll4oK0llc^ 2 (Q r , ri ))' 

for some constant c > independent of r. 

Note that |AG p | < cr l+ i~'i , with 1 + d/2 -n/4 > and c > independent of r, and 
from <(2~4)> 

(4.11) q!( M ) = w (" +2 ) M 2 r r (i +S f U )S S d S dt 

n-2 Jo Jo 

for 1 + sfti > 0. Since < c < 1 + sf AG p < C in M n for small enough r, then 

max ||(1 + stAG p )^ || c ».«(Mi ) ^ c / 
fe[0,l] 2'i 

and 

(4.12) l|Gp||co„, (Ml ) < c, 

where c > is a constant independent of r. Thus, by ([4. lib and (4. 12b we have 

(4.13) ||Q 1 (AGp)||ca« eMl ) < C|A| 2 < Cr 5 ' r 2+d ~ v - L i , 

where the constant C > does not depend on r and S' = 2n-4 + v>0 since 
v > 3/2 - n. 

Now, observe that $4~7\ implies |« 9 (x)| < c(lr 2+d ~i~ 5i , Vx e M r , with 2 + d - 
n/2 - 64 > 0. From this and |AG p (x)| < cr 1+ i~'i for all x e Q r , ru we get < c < 
1 + f(AG„ + Ucp) < C for every < t < 1. Again, using | |4.7|| and |AVG p | < cA~%, we 
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conclude that the Holder norm of (1 + t(AG p + w<p))^ is bounded independently of 
r and t . Therefore, 

max ||(1 + t(AG p + ll^aU^] < C. 

0<f<l 

From l|4.11b we obtain 

a 2 - v \\Q\AG p + u 9 )\\ mi[aM < Co 2 - v \\\G v + u 9 \^ A)[aM < CpA+^t, 

since n > 3, 64 < 1/2, r < a and v > 3/2 - n implies that 6 + 2d-v-n - 264 > 
5/2 + d-v- n/2 and 9/2 - v - In < 0. 
Therefore 

(4.14) \\Q\AGp + ^)II^ 2 (q Vi) < C fi Ar 2+d - v -'K 
and from j4. 13b and (|4.14t , we get 

(4.15) \\Q\AG p + u v )\\ c%{Mr) < C^"r 2+d - v -K 

for some constant 5" > independent of r. 

From AO- = d'idjdjQr = 0, (go)// = + 0(|x| 2 ) and detgo = 1 + 0(|x| 2 ), we obtain 

ll A Jo( M <p)H(0,«),[ff,2a] ^ C(\\Qr{<P)\\(2,a),[o,2o] + ff~ 2 |l']ll(0,a),[o,2<j]ll<3r(<P)ll(2,«),[ff,2<j]) / 

where the term with a~ 2 appears only for a > \r\ , since d\r\ = in Bi ri (0). 
Therefore, using that 3 - n - v > and 64 e (0, 1/2) we get 

with «-l+v-64>0. 
This implies 

(4.16) II^Mc&p^) < C n pr n - 1+l - 6 ^ +d - v -i, 

with «-l+v-64>0. 

Therefore, by J4.15I I and | |4.16l l we obtain J4.9I I for r > small enough. 
For the same reason as before, we have 

\\M r (A, cp, vi) - M r (A, <p, v )\\ C 2,« (Ur) < c\\Q l {AG p + u tp + v{) - Q l {AG p +u v + ^)II c °« 2 (m,.)- 

Furthermore, 

Q^AGp + u v + vi) - Q l {AG p + u v + v ) = — + ^ (vi - v ) f f (1 + sz t )^z t dsdt, 

n- 2. Jo Jo 

where z t — AG p + u v + v$ + t{v\ - vq), since for small enough r > we have 
< c < 1 + sZf < C. This implies 

||(1 + sZf)^llci«(Mi ) ^ C and ||(1 + sz t )^ll(0,a),[ o ,2<j] < C, 
2 'i 

with the constant C > independent of r. Then, by (|4.121 , we have 

\\QHAG P + v x ) - Q\AG P + v )\\co* (Mri ) < C(A~ 1+ t + ^ +i - v -i)\\vt - v \\^ m 

and 

a 2 ~ v \\Q l {AG p + u v + vx) - Q l {AG p + u v + v )\\ MAaM < 

< c(|A|ct 4 -" + O^U^^laM + ff 2 l|fill(2 ,a),[o,2a] 

,a),[o,2o] 

< Cr l ,pr 1+d 2-'i \\Vl - i>oll C 2.« (Mr) 



A CONSTRUCTION OF CONSTANT SCALAR CURVATURE MANIFOLDS WITH DELAUNAY-TYPE ENDS 31 



since 1 + v < 0, 2 + d/2 - ft/4 < 3 + d - n/2 < 4 + d - n/2 - 6 4 and < 6 4 < 1/2. 
Notice that 2 + d/2- ft/4 > 0. 

Therefore, we deduce | |4.10|| for small enough r > 0. □ 

From Proposition ^. 2l we get the main result of this section. 

Theorem 4.3. Let v e (3/2 - ft, 2 - ft), <5 4 e (0,1/2), jS > and y > be fixed 
constants. There is r-i e (0, ri/2) suc/z f/iaf zj r e (0, z^), A e R wz'z7z |A| 2 < r d ~ 2+ ~?, and 
(p 6 C 2 ' a (S" _1 ) z's L 2 — orthogonal to the constant functions with ||<p||(2, a ),r < fir 2+d ~ ! i~ 5i , 
then there is a solution V\m e C 2,a (M ( ) to the problem 

H g0 (l + AG p + u<p + V^ v ) = m M r 
(«<p + V A/9 ,) o ^| 5Br (o) - <P e M on <9M r 
Moreover, 

(4.17) ll^ll e(Mr) < yr 2 ^" 1 '-*, 
and 

(4.18) \\V Am - V Kn \\ cY(Mr) < Cr'^Wcp, - nkxalr, 
for some constant 65 > small enough independent ofr. 

Proof. The solution V,\ iV is the fixed point of M r {h,cp, •) given by Proposition 14.21 
with the estimate (|4.171 . The inequality (14.181 follows similarly to <!3-40b . □ 

Define / := 1/!F, where T is the function defined in Section [3.11 We have 
go — f^S with / = 1 + 0(|x| 2 ) in conformal normal coordinates centered at p. 
We will denote the full conformal factor of the resulting constant scalar curvature 
metric in M r with respect to the metric g as S r (A, <p), that is, the metric 

g = 3 r (A,<p)% 
has constant scalar curvature = n(n — 1), where 

S r (A,cp) := f + AfG p + fu v + fV K(p . 

5. Constant Scalar Curvature on M\{p) 

The main task of this section is to prove the following theorem: 

Theorem 5.1. Let (M n , go) be an n- dimensional compact Riemannian manifold of scalar 
curvatureR g0 = n{n-l),nondegener ate about 1, and let p e M be such that V k W g0 (p) = 
for k = 0, . . . , d - 2, where W g0 is the Weyl tensor. Then there exist a constant £0 and a 
one-parameter family of complete metrics g E on M\{p) defined for e e (0, eq) such that: 

i) each g E is conformal to go and has constant scalar curvature R gE = n(n - 1); 

ii) g £ is asymptotically Delaunay; 

iii) g E — > go uniformly on compact sets in M\{p] as £ — > 0. 

If the dimension is at most 5, no condition on the Weyl tensor is needed. Let 
us give some examples of non locally conformally flat manifolds for which the 
theorem applies. 

Example: The spectrum of the Laplacian on the n-sphere S n (k) of constant curva- 
ture k > is given by Spec(Ag) = {z'(n + i - l)/c; z = 0, 1, . . .}. Consider the product 
manifolds S 2 (/Ci) X S 2 (/C2) and S 2 (fc3) X S 3 (fci). If we normalize so that the curvatures 
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satisfy the conditions k\ + ki = 6 and hi + 3/C4 = 10, then the operator given in 
definition 1 1 .41 with u - 1 is equal to L l gii = A gu + 4 and L* = A gM + 5, where gu 
and ^34 are the standard metrics on S 2 (h) X S 2 (k2) and S 2 (/c3) X S 3 ^), respectively. 
Notice that we have R ?12 = 12 and R ?23 = 20. 

It is not difficult to show that the spectra satisfy 

Spec(L* J c + l)k m - 4; m = 1, 2 and z = 0, 1, . . .} U [8, oo) 

and 

Spec(L* 34 ) c + l)k 3 - 4, i(i + 2)k 4 - 4; i = 0, 1, . . .} U [6, oo). 

The product S 2 (fci) X S 2 (A:2) with normalized constant scalar curvature equal to 
12, is degenerate if and only if k\ = 4/(z'(z' + 1)) or ki = 4/(z'(z + 1)) for some z = 1,2,... 
For the product S 2 (kj,) X S 3 (/c4) with normalized constant scalar curvature equal to 
20, we conclude that it is degenerate if and only if k$ = 4/(z'(z + 1)) or k\ = 4/(z'(z + 2)), 
for some i = l r 2, 

Therefore we conclude that only countably many of these products are degen- 
erate. 

In previous sections we have constructed a family of constant scalar curvature 
metrics on B rf (p), conformal to go an d singular at p, with parameters e e (0, £o) 
for some £o > 0, R > 0, a e K" and high eigenmode boundary data (p. We have 
also constructed a family of constant scalar curvature metrics on M r = M\B,(p) 
conformal to go with parameters r e (0, ri) for some Yi > 0, A e ]R and boundary 
data cp L 2 — orthogonal to the constant functions. 

In this section we examine suitable choices of the parameter sets on each piece 
so that the Cauchy data can be made to match up to be C 1 at the boundary of 
B rc (p). In this way we obtain a weak solution to H g0 (u) = on M\{p}. It follows 
from elliptic regularity theory and the ellipticity of H g0 that the glued solutions are 
smooth metric. 

To do this we will split the equation that the Cauchy data must satisfy in an 
equation corresponding to the high eigenmode, another one corresponding to the 
space spanned by the constant functions, and n equations corresponding to the 
space spanned by the coordinate functions. 

5.1. Matching the Cauchy data. From Theorem 13.81 there is a family of constant 
scalar curvature metrics in B r[ (p)\{p), for small enough e > 0, satisfying the follow- 
ing: 

g = M £ (R,a,(p)^g, 

with R g = n(n - 1), 

J?I £ (R,a,c/>) = u £iRa + w £rR + v<f, + U £rRr a i( p, 
in conformal normal coordinates centered at p, and with 

11) R 2 ? = 2(1 + b)£~ l and \b\ < 1/2; 

12) (p e n'^C 2 '"^; 1 )) with ||0||(2, a ),r £ < k/ e + d " f " 6l , Si e (0, (8zz - 16)" 1 ) and k > 
is some constant to be chosen later; 

13) |fl|r t 1-62 < 1 with <5 2 > Si; 

14) w £/R ee for 3 < n < 7, w E/R e n"(C 2 ^ d _„ (Ev E (0)\{0})) is the solution of the 
equation B.9|l for n > 8; 



A CONSTRUCTION OF CONSTANT SCALAR CURVATURE MANIFOLDS WITH DELAUNAY-TYPE ENDS 33 

15) !I E/ R,fl,<f> e C^' £t (B, [ (0)\{0}) with rc£'(lI £/ K,8W>taB re (0)) = 0, satisfies the inequality 

J3.40|) and has norm bounded by xr^ d h ' 2 , with \i e (1,5/4) and t > is 
independent of £ and k. 

Also, from Theorem [43] there is a family of constant scalar curvature metrics in 
Mr E = M\B, t (p), for small enough e > 0, satisfying the following: 

with Rg = n(n - 1), 

r ,(A, <p) = / + A/Gp + /m v + /V**,, 
in conformal normal coordinates centered at p, with 
El) / = l+7with7=0(M 2 ); 
E2) A 6 Rwith |A| 2 < r d ~ 2+ ^ ; 

E3) cp e C 2 '"^"" 1 ) is L 2 -orthogonal to the constant functions and belongs to the 

ball of radius fir^ d 2 §4 , 64 € (0, 1/2) and /3 > is a constant to be chosen 
later; 

E4) V A ,<p e Q7 a (M ( . f ) is constant on dM n , satisfies the inequality ([4.181 and has 

norm bounded by yr e v 2 , with v E (3/2 - n, 1 — n) and y > is a constant 
independent of e and jS. 

Recall that r £ = e s with (d + 1 - S^ -1 < s < 4(d - 2 + 3«/2) _1 , see Remark|3J] For 
example, we can choose 61 = l/8n and s = 2(« — 1 — l/2n) _1 . 

We want to show that there are parameters, R e R +/ a 6 ]R", A £ ]R and 
cp,</> e C 2 ^- 1 ) such that 

{ ' \ d r & e (R,a,cj)) = d r ® re (A,<p) 

on dB, e (p). 

First, let 61 e (0, (8n - 16)" 1 ) be fixed. If we take co and d in the ball of radius 
r £ 2 1 in C 2,a (§"~ 1 ), with co belonging to the space spanned by the coordinate 
functions, 9 belonging to the high eigenmode, and we define cp := co + then 
we can apply Theorem 14.31 with jS = 2 and 64 = 61, to define B re (A,co + -9), since 

IMI( 2 , a) ,r E <2r^- 61 . 
Now define 

cp 9 := n"((S rf (A, a; + 5) - w £/R<fl - w £/R )| s? -i) 

where in the second equality we use that 7i"(M f j+s| s »-i) = 9, n"(V a,m+sIs»-i) - an d 

/=l+7,with7 = 0(|x| 2 ). 

We have to derive an estimate for \\<p$ \\(2,a),r e ■ To do this, we will use the inequality 
([2.121 in Lemma [2.31 But before, from i2.11[l in Corollary l2.11 we obtain 

(5.3) n' r ' e (u £/R J Sf -i) = 0(|a| 2 r 2 ), 

since r e = e s and R^ = 2(1 + b)e~ l with s < 4(d - 2 + 3n/2) _1 < 2(n - 2)" 1 and 
\b\ < 1/2 implies that R < r £ for small enough e > 0. 
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Let 1 + d/2 - n/4 > 5 2 > <5i and let a e R" with \a\ 2 < /'^ (<5 2 = 1/8, for example). 
Hence we have that \a\r\~ bl < r] +1 1 2 tends to zero when e goes to zero, and 13) 

is satisfied for £ > small enough. Furthermore, since |fl| 2 r^ < r^ d 1 , we can show 
that 

(5.4) K^AdsfOIW, < Crl +d ~\ 

for some constant C > independent of e, K and a. 

Observe that (fG p )(x) = |x| 2 -"+0(|x| 3 -") and |A| 2 < f~ 2+ ^ imply 7i;/(A(/G p )| s ^i) = 
0(rl + ~ 2 ~ L * ), with 2 + d/2 - n/4 > 2 + d - n/2. Thus 
(5-5) \KM(fG p )\sF)\\M, e <Cr 2 ; d ~K 

Now, using ( TX20I d310l p7P7) , <(5l2t . Lemma |Z3] and the fact that / = Oflx| 2 ), we 
deduce that 

(5.6) \\cp 9 - S|| (2 , a) ,,, < cr 2+d ~\ 
and 

11 , .I . 2+d-f-Sj 

ll<M(2,a),r« < Cr £ 

for every $ e 7T"(C 2/t (S" _1 )) in the ball of radius r* + 2 61 , for some constant c > 
that does not depend on e. Therefore we can apply Theorem 13.81 with k equal to 
this constant c and M £ (R, a, <fi$) is well defined. The definition i5.2) immediately 
yields 

<(J?I £ .(R,a,<^)M = <(£r r (A,<u + 5)| s ^). 
We project the second equation of the system i5.1} on the high eigenmode, 
the space of functions which are L 2 (S" -1 )— orthogonal to eo ,...,e„. This yields a 
nonlinear equation which can be written as 

(5.7) r E d r (v 9 - u 9 ) + S E (a, b, A, co, d) = 0, 
on d r B n (0), where 

S E (a, b, A, co, 9) = r E d T v^- 9 + r £ d r n' r [(ii £iRiCl \ sl; i) + r £ d r w £rR 

+r £ d r n' r ' [ ((U £jRj a,ct )s ~f~ M G v ~ fUa)+s)\s?^) - ^(^'((/V^tu+^ls"- 1 )- 
Since v s = P,(9) and u s = Q r (9) in Q r 1 c M r£ for some r\ > 0, see Section l4~3l 
from (|2.17|l and l !2.19|l , we conclude that 

r e d r (v 9 - M*)(r e .) = - Qi(«i)), 

where $1 e C 2,a (S" _1 ) is defined by 9i(6) := 9(r8). Define an isomorphism Z : 
n" (C^iS 11 - 1 )) -> n'^C^iS"- 1 )) by 

Z(B) := ww-Qim 

(see Q3), proof of Proposition 8 in (29J and proof of Proposition 2.6 in 11351 ). 

To solve the equation J5.71 it is enough to show that the map { H e (a,b,A,a),-) : 
D e -> n"(C 2 - a (S"- 1 )) given by 

< H e {a,b,A,co,9) = -Z~ l {S £ {a,b,A,co,9 ri ){re-)), 

has a fixed point, where £> £ := {5 e n"{C lA {S n - l ));\\9\\ (2A)il < r] +d ~' i ~ ln )anA9 r[ (x) := 
9{r~ 1 x). 
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d— — 

Lemma 5.2. There is a constant eq > such that if e e (0, £o), a e R" with \a\ 2 < r E 2 , 
b and A in R with \b\ < 1/2 and |A| 2 < r £ 2 , and co e C 2, "(S" _1 ) belongs to the space 

2.+d— — — <5i 

spanned by the coordinate functions and with norm bounded by r E 2 , then the map 
r H £ {a, b, A, co, •) has a fixed point in D £ . 

Proof. As before, in Proposition 13.11 and 14 .21 it is enough to show that 

(5.8) m(a,b,\,o>M\MA * 
and 

(5.9) \W £ (a, b, A, co, Si) - <H e {a, b, A, co, S 2 )\\(2a)A <\\\$i- M<za)A> 

for all S^&zeDe- 

Since ~Z, is an isomorphism, we have that 

\YHe(a,b,A,co,0)\\(2, a ),\ < C\\S £ {a,b,\,a>,0)\\ Mjn 

where by l|5.6t , <po satisfies 

ll<£oll(2,«),r t < cr 2 * d ~ 2 , 
where the constant C > and c > are independent of e. 

_ From 12131 , gH), JZ201 , @M , fiZLZK (53) and g5j and the fact that 

/ = 0(|x| 2 ) we obtain 

\\Se{a,b,X,co,0)\\ M , rt < cr 2 £ +d ~ J . 

for some constant c > independent of £. 
Therefore we get | |5.8l l for small enough e. 
Now, we have 

\YH £ {a, b, A, co, 9i) - <H £ {a, b, A, co, ^ 2 )ll(2,a),i < C [\\redrV,j, SrcA ^ rcA -^ 9re ^ Te ^\\{i A ),r t 

+ 1 1 J" £ d r n" c ({\l e &u4* j ~ lI£,Ra0s, £ 2 ) Is^ 1 ) I l(i,«),r E 

+\\r E d r n' r [{(f(V AA , +Sr l - V ArW+9ri2 ))\ s; -i)\\ {lAlri: 

+ l|r £ ^<((7M5 rf , 1 -8,,, 2 )ls- 1 )ll(l,a),r f ), 

where, by (|5.2| | 

<Ka - ^r f ,l - (<R £ , 2 - ^.,2) = n" £ ((fll Sr£l - Kl +J{V Ka+Srel - y A ,„ +8rf , 2 ))| S »-i). 

Using the inequality J2.12|l of Lemma B 1 1220) , (|4.18b and the fact that / = 
0(|x| 2 ), we obtain 

11^,, - ~ (far,* - ^ £ ^)ll(2,a),r e < C^ 6 ||3 rf ,i - ^||( 2/r ),r e , 

for some constants 6g > and c > that does not depend on e. This implies 

(5.10) lln-^^ j-s^.j-^^-s^^jlla,^. < cr* 6 ||Si - S 2 ||(2,a),i- 
From (|3.40b and J4.18|l we conclude that 

l|LZ £/ R A SrEl - !i £/ R / fl,(f>f) r( . 2 ll(2 / «),[l|- [/ r t ] - Cr^Wdr^i - $r f/ 2ll(2,a),r f 

and 

II^A,<D+5 re ,i _ VA,a}+9 r[j2 \\(2,a),[r E ,2r,] ^ Cr' £ 5 \\&r e ,l ~ $r er 2\\(?.,a),r e / 
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for some 61 > and 65 > independent of e. From this, J2.201 and the fact that 
/ = 1 + f, we derive an estimate as d5 . 1 Oft for the other terms, and from this the 
inequality (|5.9b follows, since e is small enough. □ 

Therefore there exists a unique solution of 05 . 7b in the ball of radius r 2+d 2 61 
in C 2 ' a (S" _1 ). We denote by 9 £A b,A A , this solution given by Lemma [5.21 Since this 
solution is obtained through the application of fixed point theorems for contraction 
mappings, it is continuous with respect to the parameters e, a, b, A and co. 

Recall that R 2 ? = 2(1 + b)e~ l with \b\ < 1/2. Hence, using (53) and CorollaryO 
and !2.2l we show that 

£ 2 

u e ,R^(r E e) = l + b + — — -r 2 n + ((n- 2)u EjR (r E 6) + rd r u E , R {r E 6))a ■ x 
4(1 + o) 

+ 0{\a\ 2 r 2 ) + 0{e 2 '^r- n ), 
where the last term, 0(e 2 ^r~ n ), does not depend on 6. Hence, we have 



t 



2 



$l E (R,a,cp 9eAM J(r E 8) = l + b + ^-j- -r/"" + v H ^Jr E d) + w E , R (r E 6) 

+((n - 2)u ErR (r E 9) + r E d r u EiR (r E 6))r E a ■ 6 

■U. j<„,,:. . (>\0) + 0(\a\ 2 r 2 .) + 0(e 2 %"). 

In the exterior manifold M r£ , in conformal normal coordinate system in the 
neighborhood of dM r[ , namely Q,, f i n , we have 

8r c (A'V + 9 EA , b ,A A ){r E 6) = 1 + Ar 2 "" + u ai+9ij , bA Jr E 6) +J(r E 6) 

•(J//..- )(r0) + (./V,,,,< ..,)( r: 0) + 0(\Mr^ n ). 
Using that w EtR e n"(C 2 '" rf _„ (B,. f (0)\{0))), we now project the system | |5.1| l on the set 
of functions spanned by the constant function. This yields the equations 



(5.11) 



t 2 



1 4(1 + b) 

r-2 



A r 2 "" = < H 0/E (a,b,A,co) 



{2 ~ n) \^Tb)~ A ^ n = r ^o>A A, co) 



where "Ho, £ an d d/Ho, E are continuous maps and satisfy 

(5.12) 9( 0>E (a r b, A, co) = 0{r 2 E +d ^) and r E d/H Q , E {a, A, co) = 0$**'*). 

Lemma 5.3. There is a constant E\ > such that if e 6 (0, E\), a e R" with \a\ 2 < r E 2 
and co e C 2,a (S" _1 ) belongs to the space spanned by the coordinate functions and has norm 

bounded by / £ +d 2 61 , then the system (I5.11P has a solution (b, A) e R 2 , roz'f/z |o| < 1/2 and 
1112 ^ d " 2+ f 

|A| Z < r f 2 . 

Proof. Define a continuous map £r tA „ : D 0/E — > R 2 by 

@e Afi >ty, A) := f -^-rd/H 0iE {a, b, A, co) + < Wo, £ (a, &/ A, co), 

e 2 r"- 1 



4(1 + b) n - 2 
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d_-\<3n 

where D , £ := {(fe, A) e R 2 ; \b\ < 1/2 and |A| < r\ 4 ). 

Then, using d5.12t and the fact that 2 > s(d/2 - 1 + 3n/4), we can show that 
^£,s,«(A,f) c Do, £ , for small enough £ > 0. By the Brouwer 's fixed point theorem it 
follows that there exists a fixed point of the map Q EAl03 . Obviously, this fixed point 
is a solution of the system J5.11|l . □ 

With further work, one can also show that the mapping is a contraction, and 
hence that the fixed point is unique and depends continuously on the parameter 
e, a and co. 

From now on we will work with the fixed point given by Lemma 15.31 and we 
will write simply as (b, A). 

Finally, we project the system i5.1|l over the space of functions spanned by the 
coordinate functions. It will be convenient to decompose co in 

" r 

(5.13) co = y coiei, where coi = I co(r £ -)ei. 

Hence, |oj,| < c„ sup s „-i \co\. From this and Remark l2.6l we get the system 

(5U) | F(r £ )r £ a, - coj = %j!l,co) 

\ G(r £ )r £ a, - (1 - n)co, = r £ d/Hi, £ {a,co), 

i = 1, . . . , n, where 

F(r E ) := (n - 2)u EiR (r E 6) + r £ d r u £:R (r £ d), 
G(r E ) := (n - 2)u E/R {r E 0) + nr E d r u ErR (r E 6) + r 2 £ d 2 u ErR (r E d), 

(5.15) <H li£ {a,co) = 0{r 2 * d ~' i ) and r £ d r 'H li£ {a l co) = 0(^ +d_f ). 

The maps < H 1 1£ and d/Hi lE are continuous. 

Lemma 5.4. There is a constant £2 > such that ife e (0, £2) then the system (I5.14P has a 
solution (a, co) e W x C 2 ' £ '(S" _1 ) with |a| 2 < r E 2 and co given by (I5.13P of norm bounded 
byr e 

Proof. Define a continuous map 7Cj /E : D ( t — > R 2 by 

%M<»i) ■= (( G (^) + (« " W^W^b) + (n ~ l)He), 

(G(r e ) + (n - l)F(r £ ))- 1 F(r £ .)(r £( 9 r ^ f (a, <y) + (n - l)n>) - H>) , 

where <D,, £ := {{a ir coi) e U 2 ;\a,\ 2 < n 1 /^ and \co,\ < tr 1 k^r^ 4 ~ i ~ 6l },k i n = IWI( 2 , a ),i, 
F(r £ ) = (n-2)(l + &) + 0(£ 2 - s ("- 2 »)andG(/- f ) + («-l)F(r t ) = n{n-2){l + b) + 0{£ 2 - s( "- 2 ) 
with 2 - s(n - 2) > 0. 

From d5.15l l we obtain that < Ki j£ (T)i j£ ) C D !/t , for small enough £ > 0. Again, by 
the Brouwer 's fixed point theorem there exists a fixed point of the map < K^ E and 
this fixed point is a solution of the system | |5.14|| . □ 

Now we are ready to prove the main theorem of this paper. 
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Proof of Theorem [5TT1 We keep the notation of the last section. Using Theorem 
13.81 we find a family of constant scalar curvature metrics in B, t (p) C M, for small 
enough e > 0, given by 

with the parameters R e R + ,a e R" and(p e 7i"(C 2, "(S" _1 )) satisfying the conditions 
11-15. 

From Theorem 14.31 we obtain a family of constant scalar curvature metrics in 
M\B rc (p), for small enough e > 0, given by 

with the parameters A e R and tp e C 2/l (S" _1 ) satisfying the conditions E1-E4. As 
before, the metric g is conformal to the metric go- 

From Lemmas 15.21 15.31 and 15.41 we conclude that there is £0 > such that for 
all £ e (0, £0) there are parameters R £ , u £ , cf> £ , A £ and <p £ for which the functions 
3{ £ {R £ ,a £ ,(p £ ) and B re {A £ ,<p £ ) coincide up to order one in dB Yc (p). Hence using 
elliptic regularity we show that the function 1V f defined by < W £ := ^(R,;, «£,(/)<;) 
in Br £ {p)\{p] and "W £ := S T£ (A E ,<p £ ) in M\B> t (p) is a positive smooth function in 

M\{p). Moreover, < W £ tends to infinity on approach to p. 

4 

Therefore, the metric g £ := < W £ ~ 2 g is a complete smooth metric defined in M\{p} 
and by Theorem l3.8l and l4.3l it satisfies i), ii) and iii). □ 

6. Multiple point gluing 

In this final section we discuss the minor changes that need to be made in order 
to deal with more than one singular point. Let X = [p\, . . . , p; c ) so that at each point 
we have V l W g0 (p,) = 0, for I = 0, . . ., d - 2. 

As in the previous case, there are three steps. In Section [3] we do not need to 
make any changes, since the analysis is done at each point p,. Here, we find a 
family of metrics defined in B )f (p)\{p), with £, = i,-£, e > 0, f, e (5, S" 1 ) and 5 > 
fixed, i — l,...,k. 

In order to get a family of metrics as in Section|4]we need to make some changes. 

4 

Let T 1 , : £>2, (0) ~~ > Mbe a normal coordinate system with respect to gj - f ." ~ 2 go on 
M centered at p,. Here, 'Fi is such that as in Section [4] Therefore, each metric g\ 
gives us conformal normal coordinates centered at p ( . Recall that Ti = 1 + 0(|x| 2 ) 
in the coordinate system tyj. Denote by G pj the Green's function for L^ o with 
pole at pi and assume that lim \x\ n ~ 2 G Pi (x) - 1 in the coordinate system M 7 ,. Let 
G P1 n e C°°(M\{pi, . . .,p k }) be such that 

k 

i=l 

where A, e R. 

Letr = (r eu . . -,r £k ). Denote byM r the complement inMofthe union of ^,(6^.(0)) 

and define the space Cj; a (M\{pi, . . . ,pjr}) as in Definition 12.51 with the following 
norm 

k 
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The space C l f(M r ) is defined similarly. 

It is possible to show an analogue of Proposition l4.1l in this context, with w e ]R 
constant on any component of <9M, . 

Letcp = ((pi,. . . , (pk), with <p; e C 2 ' a (S" _1 )L 2 -orthogonal to the constant functions. 
Let u v e Cl' a (M r ) be such that u 9 oW; = r\Q r ^((pi), where J] is a smooth, radial 
function equal to 1 in B, (0), vanishing in ]R"\£>2r (0), and satisfying |<9 r T](x)| < c|x| _1 
and \d 2 rj(x)\ < c\x\~ 2 for all x e B 2ro (0). 

Finally, in the same way that we showed the existence of solutions to the equation 
lIU) , we solve the equation 

H g0 (l + G n n + u v + u) = 0. 

The result reads as follows: 

Theorem 6.1. Let (M n ,go) be an n- dimensional compact Riemannian manifold of scalar 
curvature n(n - 1), nondegenerate about 1. Let \p\, ...,pk\ a set of points in M so that 
V ; ?o W go (p,) = for j = 0, . . ., f 2 ^] and i = l,...,k, where W g0 is the Weyl tensor of 
the metric go- There exists a complete metric g on M\{p\, .. .,pk) conformal to go, with 
constant scalar curvature n(n - 1), obtained by attaching Delaunay-type ends to the points 
p\,..-,Pk- 
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